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Obj ectLVCS:

+ Use the Rational Zero Theorem to funa possible rational zevos.

. Find zeros of a polynomial function.

«  Solve polynomial equations.

o Use the Linear Factorization Theorem to fund polynomials with given zeros.

e Use Descartes’s Rule of Stans.
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How would You go about solving x3 - #x - & = 07?

Suppose we could find a place to start Looking, would that be helpful?

Sowme of You may have noticed that -1 ts a solution, but what would
Yyou oo next?

Recall that the degree of a polynowmial indicates the maximum number of
times a straight Line can tntersect the graph of the function. So the x-axts will

intersect the graph of f(x) = x= - #x — & Ln at most 3 places. That means there
are potentially 3 real zeros. How do we fund (Lf they exist) the rest?
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How would You go about solving x3 - #x - & = 07?

We observed that —1 is a zero, but how can we verify that?

Obviously we can plug it in, plug it tn. But that will simply tell us
something we already know. 1t will not give us any indication of what
other roots there may be.

Owne possibility is to re-write the equation using variables for the coefficients
of a second factor with degree n-1.

we kRnow -1 Ls a zero, so (x + 1) is a factor, so write the factors:

x3-Fx—-6= (x +1)(axz + bx + ¢)
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X2 -Fx -6 = (x +1)(@ax2 + bx + ¢)

How can we find what ax2 + bx + ¢ might be?

We could divide using synthetic division to find what that other factor will be.

:_Z:jijo_ _17 —2 Weoawfactor:x:%—y-x—e= ()<+1)()(2__)(._é)

=T (o Then (x + 1) (x2 - x - &) = 0, and we know what to do now.

x+1)(x-=3k+2) =0

The zeros of f(x) = x=-Fx - & are -2, -1, 3.

So we guessed what a root might be and we factored to find other roots. But
what is a good starting point for our first guess?

L am glad yow asked. 2 e
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f f(x) = axr + a0~ + @, 072 .0+ ax2 + a,x + a, has integer

coefficients and % (where £ is veduced to Lowest terms) is a rational zero of £,

’ q ’ ’
thew p s a factor of the constant term, a, and g s a factor of the Leading

coefficient, a,.

: : Factors of the constant term
Possible rational zeros =

Factors of the leading coefficient
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List all possible rational zeros of f(x) = 4x5 + 12x* — x - 3.

The constant term, a,, Ls -3 and the leading coeffictent (a,) s 4.
Factors of the constant term, -3: 1, £3

Factors of the leading coefficient, 4: £1, £2, =4

Factors of the constant term

Possible rattonal zeros = . .
Factors of the leading coeffictent

IC

, , i 1 1 =2 =2
Posstble rational zeros = -+ +— += += += +=
T1,T2,1T4 1 2 4 1 2 4

10/2=2



Fund all zevos of f(x) = x® + x2 - 5x - 2.

We begin by Listing all posstible rational zeros.

Factors of the constant term

Posstble ratlonal zevos

Factors of the leading coefficient

4, 1t 2 1 )
- t*— +— =I1,T2
1 1 1

Possible rational zeros

We now use synthetic division to see tf we can fund a rational zero among
the four possible rational zeros.
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Fund all zeros of f(x) = x= + x2 - 5x — 2.

We now use sywnthetic division to see Lf we can find a rational zero among the

four possLbLe rattonal zeros.
=11, T2

Neither -2 wor —1 Ls a zero. We continue testing possible rational zevos.

2f{11-5-2 111 -5-2 1{11-5-2 2{11-5-=2
*"—:2;26 T 1 0 5 | 1.2 -3 2 62

) —3‘ -5‘ T2 =]- =3 5 = :L o
-2 s not a zero 1 1S not a zero 1 LS not a zevo 2 LS A Zero

fix) =xz+x2-5x-2=(x-2)(x2 +3x +1).

12/33
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Fund all zeros of f(x) = x= + x2 - 5x — 2.

f(x) =xz+x2-5x-2= (x-2)(x2 + 3x + 1). 2 LS a4 Zerp

we now solve x2 + 3x + 1 =0

_ _3J—“\/32—4(1) (1) _ e~

o 2(1) 2

S

2 2

> S

The solutlon set s+

13/33



Fbwdbwg Zeros of a o

o "‘"Ll '

AR o 'y -
AT ?!'-‘-:* e b S
! R, RN

Find all zeros of f(x) = 3x2 - 20x2 + 23x + 10.

Posstble rational roots

H,r2T5110 1 10 | 1 10
— — 4 42 42 42042 4242 410

T T2 1 1 1 1 =2 =2 = =

It Ls pretty obvious 1 and -1 are wot zeros. 10 LS eVewn So We Can try 2.

:zi 2 -20 23 10 2+ x2-85x-2=(x-2)(B3x2-14x-5) = 0.
) —22 -:r_o
4% s|o x-2)(Ex +1)Kk-5) = 0.
’ ’ ’ r_i \
2 LS A Zero The soluttonn set Ls <—,2,5 ¢
=

14/3=2
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1. ifa poly nomial equation is of degree w, thew counting multiple roots
separately, the equation has w roots.

2. tfa + biis aroot of a poly nomial equation with real coeffictents (b = 0)
thew the imaginary number o - bi is also a root

lmaginary roots, Lf they exist, occur in conjugate pairs.

15/32=3



Exa mp Le oL\/w\,

Solve: x4 — 6x3 + 22x2 — 230x + 123 = O.
T, t13

1

Possible rational voots are 1, -1, 12, and —1.3.

1. list all possiloLe rattonal roots:

2. Usesy wthetie diviston to test the possibte rattonal zevos.

—1‘ 1 -6 22 -20 1= _j;J 1 -6 22 -30 1=
1 F 29 59 o 1 -5 17 -13
"7 Qﬁ -5ﬁ i'}"Q 5 17 1= i
1 Ls not a root 1 LS a root

X+ —oex2 +22x2 -30x + 13 = (x-1)(x= + -5x2 + 1#x + -13).

16/323



Exa mp Le oL\/w\,

Solve: x* — ex® + 22x2 - 30x + 13 = 0.
(x -1) (x3 + -5x2 + 17#x + -13). 1 is a root
we now solve x3 + -5x2 + 17#x + -123 =0
4 t1=
1

Possible rattonal roots are 1, X, 13, and —13.

1. List all possibLe rattonal roots:

2. Usesy nthetie diviston to test the possibLe rattonal zeros.

:r_‘ 1 -5 1# 13
T 1 -4 13

4 1= | o (x -1)(x-1)(x2 + 4x + 1=).

X4 — 6X3 + 22X — BOX + 13 =

1 1s a root agaiw

17/33
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Solve: x* — ex3 + 22x2 - 30x + 1= = 0.

X*—ex3 +22x2 -230x + 123 = (x-1)(x -1) (x2 + 4x + 1=).

1isavroot  1ilsavootagain

Usiting the gquadratic formula for x2 + -4x + 13 = 0

——4_\/(—4)2 —4(1)(13) 4tV-36 4*tei
X = — — :;ZiBL
2(1) 2 2

The solution set of the original equation ts {1, 2-3i, 2+3L}.
With 1 having a multiplicity of 2.

1L8/3=2



- D . - ﬁ-
- -y : -
o N\ ~ ~
o = -
iy . > -
e = . —_—
< v L)
e | e ™ ~
L DN W - = ' =
S L : < Bt < - A S o
H . o ’ . . . . SHEY ~ ib { w2 e 4,
e 2L RS Y S ~ %S X { r.'.l v i 1 DR~ .
el . ?'_‘"1..'{'"“'".';._ ’ ' y v P »
b f :.a' X i - - - - i
o NN ST . P o
. e “‘ ‘!-: -y..; ' H 1 ,\\ SO
- 3 Y By § Ty b o . v N .
s TN R NN 14 § e

Iff(x) ts a poly nomial of degree n, where n = 1, thewn
the equation f(x) = 0 has at least one complex root.

Remember: The set of complex numbers tneludes all the real numibers and
imagiwara numbers.

2==24+0L,and 4L =0 + 4L
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If f(x) = ap* + apoxvt + a, 072+ + axx2 + ax + a,
where w =1 and a, = 0, thewn

T) = anx —cg) (x = e2)...(x = ¢n)

where ¢, ¢, ..., ¢, are complex numbers (possibly real and wot necessarily
distinet).

In words: An nth-degree polynomial can be expressed as the product of a
nownzero constant and w Linear factors, where each Linear factor has a
leading coeffictent of 1.
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Fund a third-degree polynomial function £(x) with real coefficients that has
-3 and L as zeros and such that (1) = g.

Because L Ls a zevo and the poly nomtal has real coefficlents, the
conjugate, —L, must also be a zero.

We can now use the Linear Factorizationm Theoreme.

T = a.lx —er) (X = ea)... (x = ¢)

fix) = a k- -3) (x = 1) (x = -1)

fix) =anx +3)(x-1) (x + 1)

fix) = anlx + 3) (x2 - 12)

fix) =a,(x + 3)(x2 + 1) =a,(x3 + 3x2 + x + 3)

2R1/2=



exanwple: Finding aipol

Fund a third-degree polynomial function £(x) with real coefficients that has -3

and L as zevos and such that f(1) = £.
fix) =a,.(xz+ 3x2 + x + 3)
f@) =a,(@d=+3@)2+1+3)=¢g
f@)=a,@L+3+1+3)=¢

1

f@) =a.(8) =¢ a,.

f(x)

1(x2 + =3x2 + x + =)

fix) =x=+3x2+x+ 3

R2/2=
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Find all the zeros of f(x) = x#- 4x3 + 12x2 + 4x - 13 given that 2 + 3L is a zero.

If 2 + 3L is a zero, them 2 — 31 is a zero as well.

x— (2 + 31) and x — (2 - 31) are factors.

[x -2 - =]
x-(2+3)]x-(2-3)]= x2-4x + 1= [x -2 + =(]
X2 _q BiX - 6L - 91

2x + 4 + &L

X2 — 4x + 13 |)<4—— 4x3 + 12x2 + 4x — 13

2 . . r 4
X¥— 432 + 13X2 SIS St

2 1 +
-IX2 T 4X — 13 oAk T &

AX2 + 4x — 13
O

(x2 —1) is a factor

23/323
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Fuinding a ’PoLg nomLal

Fino all the zeros of f(x) = x#— 4xs + 12x2 + 4x - 13 given that 2 +
3L s a zero.

X4—4x2 + 122 + 4x-13 = [x-2-31] [x -2 + 3] (x2 — 1)
[x-2-3]x-2+3t](x + 1) (x - 1)

The solutlon set s {2 + =L, 2 - 3L, -1, 1}

2R4/3=



We have seen that there can be many potential rational roots. There are a
couple of ways of dealing with a very large List generated by the Rational
Root Theorem. The first of these is Descartes’s Rule of Sigwns.

R5/2=
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Let f(x) = auxr + Aot + Apox™2 +... + 862 + ax + a, be a polynomial
with real coefficlents.

1. The number of positive real zeros of fis either

a. the same as the number of stgn changes of £(x)
oY

b. Lless than the number of sign changes of f(x) by a positive even tnteger.

tf £(x) has only one variation tn sigwn, thew f has exactly one positive real zero.

26/2=2
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Two things to keep tn mind about Descartes’s Rule of Signs:
1. A variation in stgn means that two consecutive coeffictents have opposite
stgwns.
2. Whewn we count the zeros, we must count thetr multiplicities.

HA 22



Let f(x) = axr + A%t + Ax2 +.. + 02 + ax + a, be a polynomial

with real coeffictents.
2. The number of negative real zeros of f Ls etther

a. the same as the number of sign changes of £(-x)
oY

b. Lless than the number of sign changes of f(-x) by a positive even tnteger.

f(-x) = a, () + a, . (-x)1 +... + as(-x)2 + a.(-x) + a,

£ £(-x) has only one variation tn stgw, thew f has exactly one negative

real zevro
RL/2=



Determine the possible number of positive and wnegative real zeros of
f(x) = x* - 14x= + F1x2 - 154x + 120.

1. To fund possibilities for positive real zeros, count the number of sign
changes in the equation for £(x).

V4 - There are 4 variations
f(x) = x# —14x3 + FIx2 -154x + 120 ,
L SLgw.

The number of positive real zeros of f s either 4, 2, or 0.

29/33
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Determine the possible number of positive and wnegative real zeros of
f(x) = x* - 14x= + F1x2 - 154x + 120.

2. To fund possibilities for negative real zeros, count the number of sign
changes in the equation for f(-x).

f(-x) = (¥)* - 14(x)= + FL(-x)2 - 154(x) + 120

f(-x) = x* + 14x3 + F1x2 + 154x + 120

There are wo variatlons L stow.

There are wo negative real roots for f.

20/32=2
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Funo all the zeros of f(x) = x+-3x2 + x -3
There are 2 changes tn st so we have 1 or 3 positive real roots.
fe-x) =xt+2x3-x-3

There Ls 1 change Ln sigw so we have exactly 1 negative real root.

T +=

44 111 -2 O 1 -3
1 4% 3
1 4 4 -3|60

List all possibLe rattonal roots:

Possible rattonal roots are 1, -1, =2, —3.

, 1 1S a root
[ can seée -1 LS A Zevo.

21/323=



--1‘—51—3 O 1 -3
S 1 44 3

K- 3k K= 3 = (1) (ot 4x3) T4+ =0
1 LS a root

Funo all the zeros of f(x) = x+-3x2 + x -3

wWe have found our negative root, so we need only check for positive values,
1 or 3. Awn examination of the function shows 1 is not a chotce.

2Bl1 4 4 -3 X4-3x3 + x -3 = (x+1) (x-3) (x2-—x+1)
T 2 -2 =
1 -1 1|0 1+ (1) —4(1) (1) —1tV—= 1+iV=
, T X = = =
2 LS avroot 2(1) 2 2
’ ’ 1 3 ,
The solutton set s {—1,3,—+ £L Y
2 2

2R/2=2
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Fina all the zeros of f(x) = x#- 3x2 + x - 3 using the T1-84.

Ewnter the function and graph itt. Now you can ask for zeros
Y 2:Zero Set your left boundary Set your right boundary Guess?
by moving the cursor. by moving the cursor.
Or You can use the table fuwatiow to List the posslbLe values

Window
TBLSET 1 2nd TABLE

ENTER

Ewnter the possiloLe values

ATbI= -3 | 156
Indpnt:  Ask -1 O
Depend: Auto 1 -4
3 |0
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