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< Use a unit circle to define trigonometric functions of real number 2
- Recognize the domain and range of sine and cosine functions
s Fmd_e-)mfy the ri_._ oomet(ic functions at %

Ar Recognize and use fundamen’ra Rowdities |
V< Use periodic properties. — .

» Evalvate trigonometric functions with a caleulator. = i 3 /40
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The Unit Circle

A unit circle is a circle of radivs 1, with its center at the origin of a rectangular coordinate
system. The equation of this circle is x2+y2=|
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The Unit Circle

In a unit circle, the radian measure of the central angle is equal to the rotational length of
the intercepted are. Both are given by the same real number t.
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The Six Trigonometric Functions

% Six trigonometric Ratios

Nawme  Abbreviation

Sine Sin
Cosine Cos
Tangent Tan
Cosecant Csc
Secant Sec
Cotangent Cot
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Trigonometric Ratios

% The six trig ratios can be found geometrically from the tangent to a circle at the point
intercepted by ﬂle terminal side of an angle in standard position.

% Recall; the altitude to the hypotenuse of a
right triangle divides the triangle into 3
similar triangles. Also recall that siwmilar
triangles have equal proportions.
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Trigonometric Ratios

T By using what we know about similar right triangles, we can find the relationships between
the trig ratios.

’ranf: Sint
| eost

R —
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Trigonometric Ratios

% Tangent and Cotangent

Cott
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Trigonometric Ratios

% Sine and Cosecant

00 |
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Trigonometric Ratios

% Cosine and Secant

00 |
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Definitions of the Trigonometric Functions in Terms of a Unit Circle

If tis a real number and P(x, y) is a point on the unit elrele that corresponds to t, then we can
define the trig ratios using the values of the coordinates x and v.

Plxy)

SiInt =y
— >
CoST =X (1,0
tant =~ x2 +y2 =1
X L el
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Finding Values of the Trigonometric Functions

Use the figure to find the values of the trigonometric functions of t.

esetf = ::2
2
sect = l —i
N
2
J3
_Lzﬁ coff—T—\/?
3 3 1
2
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Finding Values of the Trigonometric Functions

Use the figure to find the values of the trigonowmetric functions at t.

1
sinf = V2 6t =" =2
2
(1,0) ’ cos 1 = \ZE sect = \/2 __\/2
an | 2
2%y2=
o2 QJ —rYel 2
_N£ _N& 2
SEARED N fant = —2 =1 cotf =1
2
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The Domain and Range of the Sine and Cosine Functions

Because t can have any value, the domain of the sine function and the cosine function is (-, =),
the set of all real numbers.

In other words, the circle is a number line for t
wrapped around onto itself infinitely many times.

Since the values of x and y are restricted to the cirele,
the range of the sine function and cosine function is
[-1, 1], the set of all real numbers from -1 to 1, inclysive.
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Exact Values of the Trigonometric Functions at %

Trigonometric functions at = % occur frequently. We can use the unit circle fo find values of

the trigonowmetric functions at = %

Y=X

The point P(xy) lies on the line y = x. Thus, Px.y)

point P has equal x- and y-coordinates: x=vy.
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Exact Values of the Trigonometric Functions at ;

% Giventhat x2+y2=1{, and x =y, then:

The point P(xy) lies on the line y = x. Thus,
point P has equal x- and y-coordinates: x=y.

2 x3+y2=x2+x2=2x2=]

xzzé <

L1 V2

J2 2
- P/\/E V2! ‘

oL v2 (272, L _
J2 2 v
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Exact Values of the Trigonometric Functions at ;

% We can also use the triangle formed by the point P(xy) and (0,0).

X x2+y2=x2+x2=2x2=]
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Exact Values of the Trigonometric Functions at ;

We have used the unit circle to find the coordinates of point P(a, b) that correspond to 7 = % , NOW
find the rest of the trig functions for >

4
SIN— = ~_
' 4 2 0034_
w1 r 1
cscz—ﬁ—ﬁ SGOZ—T—
2
V2
T_ 2 _ T _
fan4— 72 1 cof4
2
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Trigonometric Functions at

T Trigonometric Ratios for 0 = w/4

Simzzﬁ coszz Z
¢ 2 4 2
t T

Cse = 2 ety = 2

fa"ZZl cofzzl
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Even and 0dd Trigonometric Functions

% Rewmewmber that a function is even if f(-x) = f(x), and a function is odd if f(-x) = -f(x).

. The cosine and secant functions
are even functions.

cost = a cos—7)=a

cosf = cosl—7) = a

! sec(—1) = !

sect =—
a a

seet = sec(—7) = %
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Even and 0dd Trigonometric Functions

% The sine, cosecant, tangent, and cotangent functions are odd.

sinf = b sin(—7)=—» sin(—7)=—sint =—»b

esef = ! ese(—1) = RS esel—7)=—csef = 1

b —b b

tant=2  tan-f) =2 tanl—t)=—tant=—_2
a a a

a a a
cot f = 7 cot(—7) = 5 cot—7)=—cot f = 5
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Using Even and Odd Functions to Find Values of Trigonometric Functions

\
N

Find the value of each trigonometric function:

(2 ()
sin 2 = sin * ﬁ
. 4 4) 2

[ PR
Séc —E = §eC Z Z\E
. 4 4
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Fundamental Trigonometric ldentities

% Reciprocal ldentities

esef = ,] sect = ! cot 1 = ]
sinf cos fant

% Quotient ldentities

N

% Pythagorean Identities

\'I
> =7y

fant = ! sinZt + cos?t = |
cosf — o
cotZt + 1 = ¢set
cot  — cosf
sin 1 1 + tan?t = sec?t
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Using Quotient and Reciprocal ldentities

Given sinfzg and cosfzg find the value of each of the four remaining trigonowmetrie
functions.
1 1 3 :
_ 1 3 _sint 3 2
cscf sin —g—z tanf = et NG ﬁ
3 '3
| 3 1 1 V5
sect = — - = _ _ _NY
st ~ 5 5 o =t 2 2
3 J5
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The Pythagorean ldentities

% Here is the biggie T
| P(cost,sint)

xZ-I-yZ:]

sinf=y cost=4x

sint + cos?t = |
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The Pythagorean ldentities

T From x2 + y2 = | we can also derive two additional identities.

SR (xY
2 TV 2 o,
y y Y

+1=

cotZt + | = ¢sct

2 [y )
l:yzziz 1+ £
X X X )

2

1)

\Y

(1)

+1=| —

1 * tan?t = sec?t

P(cost,sint)
(xy)

\ X
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Example: Using a Pythagorean ldentity
]

Given that sinf = 7 and 0<f< %ﬁnd the value of cos 1.
% Why did we restrict 17 .
4 (cost,sint)
sin’t +cosit=1
1Y V3
1 eos?t =1 COsT =+~ ;
2,
JC
coszle—% 0<t<3
3 J3
‘== c0s 1 = - v
cos”“ 1 Z 2
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Definition of a Periodic Function

T A function fis a periodic function if there exists a positive number p such that fit + p) = f(t) for
all t in the domain of f. The smallest possible value of p is the period of f.

2. Note: This suggests f{f + p) = f(t) and f( t + p + p) = £(t *+ p) = f(t), and this continves without end.
Notice also that p need not be a positive number.
2 Sinlt + 21) = sin t, a periodic function with period 2T,
2 Cos(t + 2m) = cos t, a periodic function with period 2.

2 Seelt * 2m) = sec 1, a periodic function with period 2.
2 Oselt + 21) = ese 1, a periodic function with period 2.

% For example: sm — =8in— = Sin = Sin

3 3 3 3
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Definition of a Periodic Function

T Tangent and Cotangent are also periodic functions with period w (not 2w).

A

| P(cost,sint)
tant=2  tanlt+rz)="1 a XY
X —X )
y_—=¥
X X ‘ 00’
tant = tanlt + ) 7 xaeyieg

2 Siwilarly cotangent is also periodic functions with period .

% For example: T an X7 o 77 10”,,,
& P ’ran 2 tan 2 tan 2 tan 2
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Using Periodic Properties

Find the value of each trigonometric function:

(5. ( ) ( \
cot 5—” = ¢ot £+4ﬂ = ¢ot £+7r :cofzzl
4 \4’ 4') \4’ y 4
ST (o 87 [ 9 A
£0S = ¢0S +— |=00$ + 27
. 4 4 4) L4
( A ()
= €0S$ & = €0S$ * =\E
. 4) \4) 2
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Repetitive Behavior of the Sine, Cosine, and Tangent Functions

% Periodic functions repeat indefinitely, thus for any integer n and real number {,

sin(f+27n)=sint ese(7 +27m)=csef
cos(f+27n)= cost se¢(f + 27 ) = sect

tan(f+n)=tant cot (1 +7n)=cott
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45’ %radiaw

% We can also use the triangle formed by the point P(xy) and (0,0).
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30, —radlans

% We can also find the 30-60-90° triangle formed by the point P(xy) and (0,0).

x2+y2= |

—

X 1y ]
+| = | =
2
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60,

— mdlans
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The Unit Circle

% Putitall together

% Note the pattern

2 J3 Ja
2 ' 2

227
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Fill in the Blanks

% Fill in the blank unit circle

()
e — ()

(
] (,) (’) -
| . () |
] C L) | Co) O
o (,) ) I -
: () e
(,) (1)
( , )
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Using a Calculator to Evaluate Trigonometric Functions

To evalvate trigonometric functions, we will use the keys on a calculator that are marked SIN, COS,

and TAN. Be sure to set the mode to degrees or radians, depending on the function that you are
evalvating. You may consult the manual for your caleulator for specific directions for evaluating
trigonometric functions.

Get in the habit of closing the parentheses. (m+6) is very different from [ E (m) + 6

2. On the TI1-84 the MODE button sets degrees and radians.
2 The CIMED) and @Y buttons are obvious.
2. There are no 0SC, SEC, and COT buttons.

2. The calculator figures you can handle those on your own.




Evaluating Trigonometric Functions with a Calculator

Use a calculator to find the value to four decimal places:

‘ /71'\
Sin 2 ~.7071 cos47° =~.6820
\ T/
esel.y =1.0029 sec138° ~-1.2456
tan(3) ~-0.1429 cot 283° ~—-.23%09

f@ﬁ

A )
‘. { N u;)
:i‘; 7 7Y ”. -
A 9 ¥
% {‘Qb VS 3‘: o~ /‘\\\\ .
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