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Chpt 4.7

< Objectives /

Ny

«» Evaluate an inverse sine function.
<= Evaluate an inverse cosine function.
«» Evaluate an inverse tangent function.

;Use a calculator to evaluate inverse trigonometric functions.

J

> Graph inverse trigonometric functions.
{7 < Find exact values of composite functions with inverse trigonometric functions.
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Inverse Functions - Review '-

@ Here are some things to remember about inverse functions (f-1):

@ Horizontal Line Test: If no horizontal line intersects the graph of a function more than
once, the function is one-to-one and has an inverse function.

@ Switch x and y: If the point (a, b) is on the graph of f, then the point (b, a) is on the graph
of the inverse function, 1.

@ Reflect across y = x: The graph of - is a reflection of f about the liney = x.
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Inverse Sine
(Arcsin)




The Inverse Sine Function '-

= SIHX

R AV

@& The horizontal line test shows the function y = sinx is not a one-to-one function and
does not have an inverse.

& So we make a slight adjustment. To allow for an inverse function, we restrict the domain.

T T
P
2 2
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The Inverse Sine Function

@ [nverse sine function: sin-!is the inverse of the restricted
sine functiony =sinx, _ 7 _, 7 .
2 2

@ vy =sin"! x:y equals inverse sine x

@ y =sin"! x means siny = x where

S— —

JU JC
~-1<x<1 and —ZsyiZ
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The Inverse Sine Function

@ Keep in mind which function you are solving.

vy=8inx

4 X is the measure of an angle, y is a value between = and 1

y=sin! x

& xis avalve between ={ and 1. - .
A Y is the measure of an angle between -7s¥<3

8/91



The Inverse Sine Function

@& To clarify:

@ We take the sine of an angle to get a ratio.

. a
SiINA =—
e

| — . —

@ We take the inverse sine of a ratio to find an angle.

Y
sin'==A4
0

| — - T
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The Inverse Sine Function

Jomain : [ 1,1 |
L Quadrant IV

| m =
Kamge:| 3.3 i



Graphing the Inverse Sine Function '-

@& (One way to graph the inverse function sin is to take the points of the functiony = sin x
over the restricted domain and switch x and v.

T e
2 | 1, ”
* . R
%
)
; y=sin! x

Vomain :| ——,~
L2z Pomain :| —1,1|
Range :| -1.1 Range : 7;7;
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Graphing the Inverse Sine Function '-

@& Also the graph of an inverse is the graph of the function reflected across the line y = x.
The same is true for sin?! x




Exact values of sin! x

Finding exact values of sin™! x

1.let 9 =sin! x

2. Change to sin 9 = x, where —% << %

3. Now we can use the table to find exact values of 6 that satisfy sin 6 = x.

T | | =z T | =z T |z
3 | 3% 6 | 0 6 4 3 2

N2 2 S TS S S Y S R B
2 2 2 2 | 2 2
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Exact values of sin! x '-

@& Now we can apply the inverse function to find values for sin'x

JU JU JU E z T
4 6 Y % % 3 | 2
720 N N S T A T B
2 2 2 2 2
V2 LI 1 142 V3 1
2 2 2 2 2
IR L T N N R
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2
@& Now we can graph using the always T
reliable table of values. 3

™

&

(1 ) G |
/
N
2 j
\ \

2
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Step 2 SO =

V3
2°

T n T T T
4 6 ) 6 4 2
vz by 12 :
2 2 2 2
Step 3 The angle between —— and ~ whose sin is V3. T
2 2 2 3
sin~’ V3 _7
2 3
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Finding the Exact Value of an Inverse Sine Functip

@ Find the exact value of sin™ \/22

V2 J2 7 =z

0 = sl -] ne = . <0< —

Step 1 0 =sin 7 Step 2 Sin 73 ;
r E E T T
6 | 0 | & | 4 3 | 2
L T R S A

2 2 2 2

Step 3 The angle between —% and % whose sin is \/22 = _%
‘ _1/ ﬁ\ T
\ J
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Inverse Cosine
(Arccos)



Inverse Cosine

Yy = C0S X
/" O\
| A

@& Once again, the horizontal line test shows the functiony = cos x is
not a one-to-one function and does not have an inverse.

@& Sowe make a slight adjustment. To allow for
an inverse function, we restrict the domain.

O<x<nrm




The Inverse Cosine Function '-

@& Inverse cosine function: cos™! is the inverse of the restricted cosine
functiony=cosx, O<x<n#n

@ y =cos! x:y equals inverse cosine x

® vy =cos! x means cos y = x where

~1<x <l and O<y<nm

V S
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The Inverse Cosine Function

@ Keep in mind which function you are solving.

Y =C0S X

X is the measure of an angle, y is a value between =1 and 1

y =¢0s!

x is a value between ={ and {,
y is the measure of an angle between 0<y<n




Let me repeat that

@& To clarify:

a
@ We take the cosine of an angle to get a ratio. €084 = .

@ We take the inverse cosine of a ratio to find an angle.

cos ' == A
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Yy =608 X

Pomain :| 0.7 |  ouadrant

Range :| 1,1}

y=sinx

Pomain : | —1,1]

Range :[ 0,7 ]
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Inverse Cosine '-

@ To graph the inverse function cos?! we can take the points of the function y = sin x over
the restricted domain and switch x and y.

= (-1, 7)e 7 = 008! X
,on  [YEOORX * =
y o
N\
-1
] ~ oo
Pomain : [0 o .
omain :| 0,
0.7 Pomain : [ —1,1]
Range :| -1,1
nge ;| -11] Range:| 0,7 |
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Graphing the Inverse Cosine Function

Finding exact values of cos™ x

1.Let B =cos!x
2.Changetocos ®=x, where 0<o<r

3. Now we can use the table to find exact values of 8 that satisfy cos 8 = x.

= | = | ®# | =& 3z -
0 | % ; s |2 | 3 | % | &
2 2 2 2 2 2
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Finding Exact Values of cos ! x '—

1)
@ Find the exact value of €os™ ~2
. 4 )
(1 ]
Step 1 =008 | —— Step2 cosO=——,0<0<nx
. 2, 2
U U U T 571-
" 16 | & | 3 |2 s | 7
Ll B
2 | 2 2 2
.. 1 2z
Step 3 The angle between 0 and 7 whose sin is 27 3
os !~ 1|27
. 2) 3
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Finding Exact Values of cos ! x

@ Find the exact valve of cos™ g
3
StepIH:cos‘\zf Step 2 cose_g 0<o6<nm
T 4 4 2r Sr Sr
’ t+ 3 2 |3 | & | & | "
1 V2 I I I S Y V3 1
_ 2 2 2 2 2
Step 3 The angle between 0 and 7 whose cos is g = %
cos " V3 _ 7
2 0
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Inverse Tangent



Inverse Tangent

@ Yet again, the horizontal line test shows the functiony = tan x is
not a one-to-one function and does not have an inverse.

& So we make a slight adjustment. To allow for I/ <x<
an inverse function, we restrict the domain. =4 =




Inverse Tangent - A

@ [nverse tangent function; tan-!is the inverse of the tangent function

y=tanx, _Zy<”.
257572

@ y = tan-! x: y equals inverse tangent x

@ y = tan"! x means tan y = x where

—co< X<  and —£<yg%

Z




The Inverse Tangent Function

@ Keep in mind which function you are solving.

Yy=tanx

& Xis the measure of an angle, y is a value hetween -~ and

y = tan™! x

x is a value between -~ and =, T 7
A Y is the measure of an angle between -35¥V<73




The Inverse Tangent Function

y = tanx
|7 T
Vomam.[ 2°7 ]|
Range :| —oo, < |
y=tan-1x

Pomain : | —oo, oo |

| T
Kange.[ 2,2]




The Inverse Tangent Function '-

@ And we can graph the inverse function tan! by taking the points of the functiony = tan x
over the restricted domain and switching x and v.
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Graphing the Inverse Tangent Function

Finding exact values of tan™ x

1.let §=tan! x

2. Change to tan © = x, where —= <0< %

i
2

3. Now we can use the table to find exact values of § that satisfy tan § = x.

I A .0 0 r E r i
3 4 6 6 4 3 2
_J3 | -1 \/j 0 g 1 V3 und
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Finding Exact Values of tan ! x

@ Find the exact valve of tan~'(-1)

Step 1 0 =cos™'(-1) Step 2 tano=-1, 72f <0< g
o T 0 r r r 4
3 6 6 4 3 2
3 f 0 g 1 | V3 | omd
Step 3 The angle between —% and % whose tanis -1 = —%

tan~'(-1)=

T
4
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Ex: Finding the Exact Value of an Inverse Tal W-

@ Find the exact valve of tan'v3

Step 1 0 =tan"'v3 Step 2 tano=+/3, ;ses%
ECR I T T 7
3 | ¢ | ¢ |0 6 | 4 2
V3 | -1 i 0 V3 1 und
3 3
Step 3 The angle between —% and % whose tanis /3 = g
tan'\/3 = g
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To summarize

) y )
) ) )
L2 (——
OIS Bea : AR /U RS
\ ” :
y = arcsin x y = arctan x
| , y = arccos x :
| Y - —> X
—1 | 2
T i 4 jzr _______
D) —1 |
DomaIN: [—1, 1] DomaIN: [—1, 1] DomAIN: (— oo, co)
RANGE: [—g 757] RANGE: |0, 77] RANGE: (—75' g)
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Inverse Trig Functions

i

2 |
i

R '

( i ,
-1,- = '
\ 2 ) Vomain : [‘“]_ Pomain :| —1,1}
U T
Range 77 ] Range:| 0, |
- - Pomain : | —oo, oo |
| 7
Kange.[ 7" 2]
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Calculators and Inverse Trigonometric FunctjBik

@& Now let us see how we can use the calculator.

a. C0S" 3 DOI )3 [ ) cos‘%=1.2310

TAN-1

b. tan™ (—35.35) CORS o= (s L s T fan'(-35.89)=-1.5429

SIN-1 s
c. sin‘g COECOED : - C 2 ) sin‘gzg

Shame on you!
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Composition of Trigonometric Functions '-

@ Keep in mind that we take the inverse function of a value that returns the measure of an angle.

cos ' x = measure of an angle
@& We can then take a trigonometric function of that angle
sinlcos 'x) = a ratio

@& The converse is also possible

sin”' (cosx) = measure of an angle

A",f'a"
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Composition of Trigonometric Functions

Composition of trigonometric functions

sin(sin~' x)=x  for1 <x¢1

R L T

sin”'(sinx)=x for 27

cos(eos ™ x)=x for-1¢<x¢ 1 Try these (using
appropriate values)

cos ' (cosx)=x for 0<x<m  onyour calculator.

tan (tan™ x)zx for all x

tan™!(tanx)=x for -Z-cx<3
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Inverse Properties

@ Find the exact value, if possible:

a. cos(cos 0.7) cos(cos ' 0.7)=0.7

b sin(sin“n) Careful! Cannot find sin~'r

e. sin'(sinz) Sinz=0 sin"(0)=0

d. cos(eos(-1.2)) Careful! Cannot find cos”' (—1.2)

A 3
1 [} 7[ [ | _1

e. Sin°

i
2
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<»Let us make life a little more interesting.

STUDY TIP

As with the trigonometric

Evaluating

functions, much of the work c ~

with the inverse trigonometric omPOSIte
functions can be done by exact
calculations rather than by cal-

Trigonometric
Functions

culator approximations. Exact
calculations help to increase
your understanding of the
inverse functions by relating
them to the right triangle
definitions of the trigonometric
functions.




Evaluating Compositions of Functions and Their InvelEEs

/ )
%> Find the exact value, if possible: sin| cos™ 113
N Y,

First: Let O =cos™' % C0S O = % — Zz)

0 is an angle in the first quadrant (0 < 6 < ). "

, 0
SInO = h£ I; We need to find opp

57y =130 y2_137_52_144 y=12 Pl

a2 _.-‘._1. $:23037
Ay Fgisie 3l
\ + AT Y, f:;’: aig.als 33:_
AT AT L Riale AL T 2N
T RN e Rt
AR 4455 Aaad
N h T N '_‘:.-;,-:‘:

8 8 l ,,// s ""'ii:.
— —— — / -. " ; i ‘>':‘=.
— —_— | = — ;" S

R, CEEV R
L R AR A A4
;ﬁ.; A
: ' .". ,’|-","".‘ 3
’ .' "~ : 8

v 3

.....

.......
‘‘‘‘‘‘‘‘‘



Evaluating Compositions of Functions and Their InvelEEs

( A
4> Find the exact value, if possible: cos| tan™ 2;/?
J

\

First: Let 9= tan tano =

X

L 23 23 vy
% 3

is an angle in the first quadrant. (7 <0< 7

. 2 2,

08 & =; We need to find r.
32+(2\/§)2 —r? p2-21 r=+21

( A
3 X 2.3 3
cos| tan




Evaluating Compositions of Functions and Their Invel@ ::'

(4 )
“y> Find the exact value, if possible: sec| tan" | ——

(4
First: Let 0=tan —i me:_izl
.7 7 «x

is an angle in the 4th quadrant. (7 <0< 7

. 2 2,

8ecl = % We need to find r;

(~4)" +7=r* r?=65 r=+65

V65 (. 4)) 65

seco = sec| tan | —
7 . 7)) 7
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Use a right triangle to write cos \sin‘ X,
and that the given inverse trigonometric

(92
First: Let 6 =sin™' z Sino = 2 _op
X X hyp
We need to find adj.
[ (2))
cos| sin![ 2 || = e0s0 =
. \X))

Evaluating Compositions of Functions and Their Inve&Es

as an algebraic expression. Assume that x is positive
function is defined for the expression in x.

( )
_£<9<£

. 2 2,
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Evaluating Compositions of Functions and Their Invel@ e'-

(1
a Use a right triangle to write sec| c0s™ — |as an algebraic expression. Assume that x is positive

and that the given inverse trigonometric function is defined for the expression in x.

. (Y
First: Let 6=cos ' | — oSO = —
\ X/ X
secH:L:l:x
r 1
X




Evaluating Compositions of Functions and Their Inve&Es

44> Find the exact value, if possible: €08™'| c0s ——

cos(f+27n)= cost

O [ )
c0S — = 08| 2 -
4 . 4

cos— |=2
. 4) 4




