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e Use the Fundamental Theorem of Algebra to determine the number of zeros of polynomial
functions.

» Use the Rattonal Zero Theorem to find possible rational zeros.

+  Find conjugate pairs of complex zeros.

« Find zeros of a polywnomial function.

+  Solve polynomial equations.

e Use the Linear Factorization Theorem to fund polynomials with given zeros.

¢ Use Descartes’s Rule of Stgns.
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If £(x) ts a poly nomial of degree n, where n = 1, thew the
equation f(x) = 0 has at least one complex root.

Remember: The set of complex numbers tneludes all the real numbers
and imagiwarg numbers.

2==2+4+0L and 4L =0 + 4L
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f fix) = ax~ + a0t + a, 02+ + ax2 + ax + a,where n 21 and a,, # 0,
hewn

Tx) = an,(x —cg) (X = e2)...(x = ¢,

where ¢,, ¢, ..., ¢, are complex numbers (possibly real and wot wecessaritg
distinect).

In words: An nth-degree polynomial can be expressed as the product of a
nownzero constant and wn Linear factors, where each Linear factor has a
leading coeffictent of 1.
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How would you go about solving x= — #x - & = 07?
Suppose we could find a place to start Looking, would that be helpful?

Some of Yyou may have woticed that —1 Ls a solution, but what would you do next?

Recall that the degree of a polywnowmial indicates the maximum number of times
a straight Line can intersect the graph of the function. So the x-axis will

intersect the graph of £(x) = x3 - #x — & in at most =2 places. That means there
are potentially 3 real zevos. How do we fund (Lf they exist) the rest?
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How would you go about solving x= — #x - & = 07?

we observed that —1 Ls a zero, but how can we verifg that?

Obviously we can plug it tn, plug it tn. But that will stmply tell us something we
already know. 1t will not give us any indication of what other roots there may be.

Owne possibility is to re-write the equation using variables for the coefficients of a
second factor with degree n-1.

we kRinow -1 is a zero, so (x + 1) s a factor, so write the factors:

x3—-Fx -6 = (x +1)(axz + bx + ¢)

g /3=
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Rational Roots

~

x3-Fx-6=(x+1)(ax2+ bx + ¢)
MuLtipng using the distributive property

X2 -Fx -6 =ax2+ ax2 + bx2 + bx + ¢x + ¢)
Combine like terms using the distributive property

x2-Fx -6 =ax2+ (a+b)xz + (b+c)x + ¢)

Solve for a, b, and ¢ a=1 (atb)=0  bte=-#* c¢=-6

=_1 =_1

write the function tn factored form (x + 1) (1x2 - 1x - &
x+1) (x2—x-&) = (x + 1) (x+2) (x - 3)

The roots are -2, -1, =2
/33
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Awnother, probably better, cholce Ls to use sywnthetic substitution. The advantage
betng the resulting faatorlzatiow.

We could divide using synthetic division to find what that other factor will be.

:__1....j t i _z _Z Wecawfactor:xs—y-x_é = ()(+1)()(2")(—é)

1o  Then (x +1)(x2-x-e&) =0, and we know what to do now.
x+1)x-3)x+2) =0

The zeros of f(x) = x2 - Fx - & are -2, -1, 3.

So we guessed what a root might be and we factored to fuind other roots. But what s a
good starting point for our first guess?

L am glad Yyow asked. ,
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(where

™ + Qo™ + . Ay ox2 +. + ax2 + ax + a, has integer coefficients and

|

s reduced to Lowest terms) is a rational zero of f, thew p is a factor of the constant

term, a,, and q is a factor of the leading coefficlent, a,.

: : Factors of the constant term
sstble rational zeros =

Factors of the leadiung coefficient
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List all possible rational zeros of f(x) = 4x5 + 12x* — x - 3.

The constant term, a,, Ls -3 and the leading coeffictent (a,) s 4.

Factors of the constant term, -3: 1, =3

Factors of the leading coefficient, 4: £1, £2, =4

Factors of the constant term

Possible rational zeros = . .
Factors of the leading coefficten

1 1 1 =B =2 =3
-4 +— +— +— +— +—
T, +2 T4 1 2 4 1 2 4

Possible rattonal zeros =

1s8/3=
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Funding Zeros of a Po

Find all zeros of f(x) = x= + x2 - 5x - 2.

We begin by Listing all posstible rational zeros.

Factors of the constant term

Possible rational zeros = . .
Factors of the leading coefficlent

, , T, t2
PDSSLbLC rational zeros — E — =

T 1 1

We now use sywnthetic division to see Lf we can find a rational zero among the
four possible rational zeros.

14/3=



Funding Zeros of a Po

N

Fund all zeros of f(x) = x= + x2 - 5x — 2.
Posstble rattonal zeros =+1,+2
We now use synthetie division to see Lf we can find a rational zero among the

four possLbLe rattonal zeros.

Neither -2 nwor —1 Ls a zero. We continue testing possible rational zeros.

2(11-52 1|11 -5-2 1{11-52 2{11-5-2
- o T 1 2 =2 W 2 e 2

2 -3 ‘ 5 = 1‘ o
-2 1s not a zero 1 Ls not a zero 1 LS not a zero 2 LS A Zero

fx) =xz+x2-5x-2= (x-2)(x2 + 3x + 1).
15/33



Flnding Zeros of a Pol

Fund all zeros of f(x) = x= + x2 - 5x — 2.
fix) =xz2+x2-5x-2= (x-2)(x2 + 3x + 1). 2 1S a zero

WwWe now solve x2 + 2x + 14 =0

etz -41)@) _ =tV

o 2(1) 5

(2 —3+\E —3—\5\

2 2

y J

The solution set ts <

1&e/2=
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wnd all zeros of f(x) = 3x= - 20x2 + 23x + 10.
ossible rational roots

™1, T2,15,T10 L1

T T3

2 5

/

1 2

+2 4 + 1 4242

IC ICC

/ / / /

1 1
T — T —
1 ic

It Ls pretty obvious 1 and —1 are wot Zeros. 10 LS eVen So We Can try 2.

2| =2 20 23 10 BX3-202 + 23x +10 = (x-2)(BxR-14x-5) = 0.
6 -28 10
14 -5 0 x-2)(=@x + 1) (x-5) = o.
’ , ’ (_1 \
2 LS A Zero The soluttom set s <—,2,5 ¢
=

17/23
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Properties of Roots of

1. f a polywnowmial equation is of degree n, thew counting multiple roots separately,
the equation has w roots.

2. tf o + biis aroot of a polynowmial equation with real coefficients (b = 0) then the
imaginary nuwmber 6 - bi ts also a root

Imaginary roots, Lf they exist, occur tn conjugate pairs.

1g/=2=
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Example: \SOL\/LV\)@: a

Solve: x4 — ex3 + 222 - 30X + 1= = 0.

1, T13

1. List all possLbLe rattonal roots:

Possible rational voots are 1, -1, 12, and —1.3.

2. Usesy wthetie diviston to test the possibte rattonal zevos.

-5 1F 13
1 Ls not a root 1 LS a voot
x4 —6x2+22x2 -20x + 123 = (x-1)(xa + -5x2 + 17#x + -13).

19/3s



Example

Solve: x# - exs + 22x2 - 30x + 13 = 0.
(x -1) (x3 + -5x2 + 17x + 13). 1 1S a root
we now solve x3 + -5x2 + 1 7#x + -13 = 0

1,1

1. List all possilote rattonal roots:

Possible rational roots are 1, -X 13, and -13.

2. Use sy wthetie diviston to test the possibte rattonal zeros.

X4t — 6X32 + 22X — 20X + 13 =

(x-1)(x-1)(x2 + 4x + 13).

1 s a root again

20/2=3



EXa

Solve: x4 — 6x3 + 22X2 - 20X + 1= .

X+ —6x32+22x2-20x + 12 = (x-1)(x-1) (X2 + 4x + 1=2).
1 1s a root 1 s a root again

Usting the quadratic formula for x2 + -4x + 13 = 0

—— 4t \(—4) —4(1) (13) _ 4tV-=e 4tei .
X = — = — XT3
2(1) 2 =2

The solution set is {1, 2-31, 2+3L}. With 1 having a WLML’CL‘PLLOL’CB of 2, and the
LmagLnary roots are a conjugate patr.

21/3=
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The Fundamental T

~ 3 N

If f(x) ts a poly nomtial of degree n, where n = 1, thewn
the equation f(x) = 0 has at least one complex root.

Remember: The set of complex nunmbers tneludes all the real numbers
anol imagiwarg numbers.

2==24+0L,and 4L.=0 + 4L

22/33
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The Linear Factorizat

™~

Iif flx) = apr + ap. vt + a, 02+ + axx2 + ax + a, where nw =21 and a,, # 0, then

T) = anx —eg) (X —e2)... (X = e

where ¢,, ¢, ..., ¢, are complex numbers (possibly real and wot necessarily distinet).

In words: An nth-degree polynomial can be expressed as the product of a wonzero
constant and w Linear factors, where each Linear factor has a leading coeffictent of 1.

2=2/33
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inding a Polynomia

Fund a third-degree polynomial function £(x) with real coefficients that has -3 and L
as zeros and such that f(1) = 2.

Because L ts a zevo and the polynomial has real coefficients, the conjugate, —i, must
also be a zevo.

We can now use the Linear Factorizationm Theoreme.

fx) = an(x —eq) (X = e2)...(x = ¢,)
fix) = an(x —-3) (x - 1) (x - -1)
fix) = a.x +3) (x - 1) (x + 1)
fix) = a.(x + 3) (x2 - 12)

fx) =a.x +3)(x2 +1) =a,(x3+3x2+x + 3)




Funding a Polynowmia

Fund a third-degree polynomial function with real coefficlents that has -z and L
as zeros and such that (1) = 2.

fx) =a.(xs+3x2 +x+ 3

1) =a., (1= +3(1)2+1 + =) =
f(i) =qa,1+=23+1+3)=
f1) = a,.(8) = a, =1

£0) = 10 + 3x2 + x + 3)

f) =xs+=3x2+x+=

25/2=



ind all the zeros of f(x) = x#— 4x3 + 12x2 + 4x - 13 given that 2 + 3L is a zero.

If 2 + 3L is a zero, them 2 - 31 is a zero as well.

[x —2 - =L]
x— 2+ 3)and x- (2-3L) are factors. Ix -2 + =]
’ ’ BLK - éi« "\3{,2
—FB)IX-2-3)]= x2-4x+13 ok + 4 oo
X2 -1 X2 — 22X — Bi«)(
X2 —4x + 13 | x#—4x3 + 12x2 + 4x - 13 X2 — 44X +4

X— 4xX3 T 13X

AX2 + 4x — 13
AX2 + 4x — 13

(x2 —1) s a factor
O

2e/2=



Findt ng a Pol Yywo mial Fuae wn with Glven Zeros

Find all the zeros of f(x) = x*- 4x= + 12x2 + 4x - 13 given that 2 + 3i Ls a zevo.

xX4—4xs +12x2 + 4x-13= [x-2-31] [x-2 + 31] (x2 - 1)
=x-2-=3]x-2+=2t](x +1)(x -1)

The solutton set Ls {2 + 3L, 2 - =L, -1, 1}



We have seen that there can be many potential rational roots. There are a cowple of
ways of dealing with a very large list generated by the Rational Root Theorem. The

first of these Ls Descartes’s Rule of Signs.

Two things to Reep tnw mind about Descartes’s Rule of Stgns:
1. A variation in sign means that two consecutive coeffictents have opposite stgns.

2. When we count the zeros, we must count thelr muLtLpLLoLties.

2g/3=
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Descartes’ Rule of St

T %

Let f(x) = axr + ap vt + apoxv2 +... + ax2 + ax + a, bea pongomLaL with real

coefficients.

1. The nuwmber of positive real zeros of £ is either

a. the same as the number of sign changes of £(x)
or

b. Lless than the number of sign changes of f(x) by a positive even nteger.

tf £(x) has only one variation tn sign, thew f has exactly one positive real zero.

29/33
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Descartes’ Rule of Sie

S <

Let f(x) = axr + At + Auoxv2 +.. + 8x2 + ax + a, be a polynomial with rea

coefficients.
2. The number of negative real zeros of £ Ls etther

a. the same as the number of stigwn changes of f(-x)

or

b. Lless thawn the number of sign changes of f(-x) by a positive even Lnteger.

(x) = a.(-x)*+ a, ()t +... +a,(-x)2 + a.(x) + a,

If £(-x) has only one variation in stgwn, thew £ has exactly one negative real zero

230/33
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Example: Ustng Des

Determine the possible number of positive and wegative real zeros of
f(x) = x+ - 14x= + F1x2 - 154x + 120.

1. To fund possibilities for positive real zeros, count the number of stgn changes
i the equation for £(x).

f(x) = x# —14x= + F1x2 - 154x + 12 There are 4 variations Lk stown.

The number of positive real zeros of f s either 4, 2, or 0.

31/33
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Determine the possible number of positive and wegative real zeros of
f(x) = x* — 14x3 + F1x2 - 154x + 120.

2. To fund possibilities for negative real zeros, count the number of sign
changes in the equation for f(-x).

(-x)* —14(x)3 + F1(-x)2 - 154(-x) + 120

f(-x)

f(-x)

X4 + 14x3 + F1IxX2 + 154X + 120

There are nwo variatlons L stgw.

There are wo negative real roots for f.

we aitn't gonna fund the roots for this miserable function. You can try own Your own.
32/33



Example

und all the zevos of f(x) = x*+-3xs + x -
There are 2 changes n stgn so we have 1 or 3 positive real roots.
(-x) =x*t+3x3-x-3

There Ls 1 change tn stgw so we have exactly 1 negative real root.

+1 +=

List all possibLe rattonal roots:

Posstble ratiomal roots are 1, -1, =2, —=.

1 1S a root

| can see -1 LS a Zevo.

33
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Eexa

und all the zevos of f(x) = x*+-3xs + x -

x#+—3x32 + x -2 = (x—1) (x3-4x2+4x-3)

1 1S a root

wWe have found our negative root, so we need only check for posttive values, 1 or 3.
Awn examination of the function shows 1 s not a chotce.

3|1 4 4 -3 xX4-3x2 + x -3 = (x+1) (x-3) (x2-x+1)
= =2 3=

B 1J_r\/(1)2—4(1) (1) —1i\/; B :r_J_rL'\/;
2 1s a root o 2(1) - 2 2

The solutiton setls {—1. =,

24/23=
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00 Much Mownke

The second way of dealing with a very large List generated by the Rational Root Theorem
Ls the Upper and Lower Bound Rules.

Bounds are boundaries beyond which (above or below) we will find no values.

A real number b ts an wpper bowwnd for the real zeros of f if there are no zeros of
greater thawn b. A real number b ts a Lower bowwnd for the real zeros of f Lf there
are wo zeros of f Less thaw b.

25/=2=
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Upper and Lower
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Let £(x) be a polynomial function with real coefficients and a positive Leading coefficient.
Suppose f(x) s divided by x - ¢ using sy nthetie diviston.

1. If ¢ > 0 and each number in the Last row is etther postitive or zero,
thew ¢ ts an upper bound for the real zeros of f.

2. If ¢ < 0 and the numbers L the last row are alternately positive and negative
(zero entries count as either), thew c ts a Lower bound for the real zeros of f.

26/33



These are pretty obvious iLf You stop to think about them.

if ¢ > 0 and the last row Ls all posttive, the coeffictents of the polynomial are all
positive and a Larger positive value for x will simply return a larger value for £(x).

if ¢ < 0 and the last row is all alternates, the coefficients of the polynomial are
alternating, a more negative value for x will stmply return a larger absolute value for .



UPPEr 4 na Lower Bo

und all the zeros of f(x) = x*- Fxs + x2 + 63x - 90

H,T2,¥3,¥516,F 9,110,115,118, 30,145, 90

F 1 &3 -90
6 -5 5%

62 -90
5 60 -305 1210

-5 < 0 and Last lLine alternates, nwo value below -5

2g/=2=



UPPEr 4 na Lower Bo

und all the zeros of f(x) = x*- Fxs + x2 + 63x - 90
Posstble rattonal roots

,T2,r3,X5 6, 9,£10,115,118, T30, 145, 9

# 1 &3 -90

2106 | 9 > o0and Last lLine all > o, nwo value aloovej

(x + =) (x3 + -10x2 + =1x + -=20).

s9/33
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Upper and Lower B

und all the zeros of f(x) = x*- Fxs + x2 + 63x - 90
Posstble rattonal roots

,T2,¥3,¥516,F 9,110,115, T18,T30,T 45, 90

=2|l1-# 1 &3 -90 (x + 2)(xz + 10x2 + 21x + -20).

1, T2,13,15,T16,T10,T15,T 30

x+2)(x-2)(x2 + -€x + 15).
The rest is easy X+3)Xx-2)x-5)(x-3).

The zeros are {-3, 2, 2, 5}
=3



GxampLe e

ind all the zevos of f(x) = x4-3xs + x - =

There are 3 changes tn sigwn so we have 1 or 3 positive real roots.

(X)) =xt+3x3-x-3

There Ls 1 change tn stgw so we have exactly 1 negative real root.

1,

List all possibLe rattonal roots:

Posstble ratiomal roots are 1, -1, =2, —=.

| can see -1 LS a Zevo. 1 1S a root

| cawn also see that -1 ts a Lower bound.

41/23
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Example

ind all the zevos of f(x) = x4-3xs + x - =

X#+—3x2 + x - 3 = (x-1) (x3-4x2+4x-3)

1 1S a root

wWe have found our negative root, so we need only check for posttive values, 1 or 3.
n examination of the function shows 1 Ls not a chotce.

x4—3x2 + x -3 = (x-1) (x-3) (x2—x+1)

2 LS a root

solution set ls {—1,3,

33



T1-84

Find all the zevos of f(x) = x#- 3x3 + x - 3 using the T1-24.

Enter the function and graph lt. Now Yyow can ask for zeros
Y 2:Zero Set you.r left boundary Set you.r right boundary
by moving the cursor. by moving the cursor.

Or You can use the table function to List the possible values

SNIRER | Guess?
ENTER

Window Enter the possible values
- Graph P
o TbIStart= -3
ATbl= 1 -3 156
Indpnt:  Ask -1 0
Depend: Auto 1 -4
3 0

4=2/33



