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0 Use the pro\duc’r rule, the
quotient rule. and the power

Why LOSdri'l'th e ' : o o ' “rule. to expand and condehSe

loaarithmic expressions.

® Large numbers are difficult for people to assimilate. Donald Trump claims to be worth in
excess of $10 billion, the U.S. budget debt is in the trillions of dollars, but what do
those numbers represent?

® Well a million seconds is about 11.5 days, a billion seconds is about 31 years, and one trillion
seconds is about 31,710 years. That is the difference between a year's vacation time, the
time it takes to get the kids out of the house, and the entirety of human existence.

® To change these numbers intfo manageable size we use logarithms. The log of 1,000,000
is 6, log 1,000,000,000 = 9, and log 1,000,000,000,000 = 12. 6, 9, 12 are much easier to
handle. We accomplish this through the use of exponents.

e T 4136




0 Use the pro‘ducT rule, the

: A St | ' S : , quotient rule. and the power
The PrOdUC'I' RUIe e o . G “rule. to expand and condense

loaarithmic expressions.

® | et b, M, and N be positive real numbers with b # 1. Then:

log, (MN) = log, M+ log, N

® The logarithm of a preduct is the sum of the logarithms.
® This can be easily verified by converting to exponential form.

* Let log, (M) =x log,(N) =y ® Then b*=M b =N

log, (MN) = log, (b" . by) = log, (b"”) =x+y=log M+log, N

e T 5 /36




0 Use the pro\duc’r rule, the
quotient rule. and the power

ExamPle: Using -l'he PrOdUC'l' RUIe A T rule. to expand and condehse

loaarithmic expressions.

® Use the product rule to expand each logarithmic expression:

log, (MN) = log, M+ log, N

log, (7 ¢11) =log, 7 +log, 11

log100x =10g100 +logx =2+logx

log, 648 :|096(216-3) =log, 216 +log, 3 =3+log, 3

® Solve fory: Iny=Inx+Inc = In(x-c)

y:XoC

e




0 Use the pro‘ducT rule, the

: . o st b | ' ~ S : , quotient rule. and the power
The QUOi’le_ﬂf RUIe | o . G “rule. to expand and condense

loaarithmic expressions.

® Let b, M, and N be positive real numbers with b z 1. Then:

/ﬂ\
N,

log, =log, M—log, N

R

® The logarithm of a quotient is the difference of the logarithms.

® This is simply a rewrite of the previous rule, remembering subtraction is
addition of the opposite.

— I




0 Use the pro‘ducT rule, the
quotient rule. and the power

Example: USing 'I'he QuOfieni’ RUIe L apgle, Fo expand and condense

loaarithmic expressions.

® Use the quotient rule to expand each logarithmic expression:

i
log, 273 =log,23-log, x /M\
LX) log, \ﬁ) =log, M—log, N
(5 —
In f—l =Ine® ~Ini1
T =5 —[nll
((3 5 )
X
log z\‘/‘7 = Iogx&ﬂog%/;—logz4 ® We will finish this in a couple of slides.
\ J

e




0 Use the pro‘ducT rule, the
quotient rule. and the power

The P\O*Wer_RUIe @ o ' L L ipgle, to expand and condense

loaarithmic expressions.

® Let b, M, and N be positive real numbers with b z 1. Then:

log M” = plog, M

® The logarithm of a number with an exponent is the product of the exponent and
the logarithm of that number.

® This can again be shown by converting to exponential form.
® | et |ogb M=a ©® Then b =M
W - (ba)p — b* log, W = pa=plog M

e T 51736




0 Use the pro\ducT rule, the
quotient rule. and the power

USing fhe -Power Rule ' e . e ' “rule. to expand and condehse

loaarithmic expressions.

® Use the power rule to expand each logarithmic expression: log M” = plog, M

log, 3° =9log, 3

([ a2
log \/XZ\{y — |09&+ Iog%/?— logz*

1 \ /
- 1 1
Ix =Inx® == 1 1
Inix =inx 3 - :Io_qxz+|og(y2)3—logz4
log(x +4)° =2log(x + 4) ‘ >
= —logx +—logy—-4logz
> g 3 gy g
1 3 3
|092553 :3'09255 :3'0925252 :E|092525 ZE

—




Expressions

0 Use the pro\duc’r rule, the

PT‘OPeri’IGS for EXPandlng Logarlfhmlc ~quotient rule. and the power

“rule. to expand and condense
loaarithmic expressions.

® For M>0and N > O:

® Product Rule

® Quotient Rule

® Power Rule

log, (MN) = log, M +log, N

‘'Mm

log, | — | =log, M—log, N
N

log M” = plog, M

® Note: Inevery case the base remains consistent (the same).

e

T 11736




0 Use the pro\duc’r rule, the

prest - i Slenaw L . : S : | quotient rule. and the power
Common ErrOr‘S 1’0 AVOId W , . “rule. to expand and condense

loaarithmic expressions.

6N (M) 2 llog) M log) I

OXO

log (W) = 1og, Mislog SN

I ‘M ag, M
Ogb NONGN &
N 'Ogﬁﬁ

log ) \Me#log OpM

[ogr MNi21plog MN

e




0 Use the pro\ducT rule, the
quotient rule. and the power

Expanding Logarifhlﬂic EXPrQSSionS | T rule. to expand and condense

loaarithmic expressions.

® Expand the logarithmic expression as much as possible:

( 1)
Iogb(x“iﬁ) =log, | x"y°
\ J
(1)
zlogb(x4)+logb y 3
N
1

= 4|ogbx+glogby




0 Use the pro\duc’r rule, the
quotient rule. and the power

EJemPIO | , e Caa | | ' | ' “rule. to expand and condehse

loaarithmic expressions.

® Write the following expression in ferms of logs of x and z.

( )
1
log Q =|ogx+log\£ =|ogx+—(|og&—logz)

X
\ \ z ) z 2
x| togx + 1 logx? _logz
=|09X+|09 A = 09X+§ 0gX- —10gZ
2 \ /
( A
111
1 (x| =logx +=| —logx —logz
| Yool YX 2| 2
ogx +—log \ J
AN =logx+llogx—1logz
4 2
— I 14736




0 Use the pro\ducT rule, the
quotient rule. and the power

Expanding Logarifhlﬂic EXPrQSSionS | T rule. to expand and condehse

loaarithmic expressions.

® Use the product rule to expand each logarithmic expression as much as possible:

(1)
( \/7 A S 1
X X ° >
°%:| 25,7 | % 25, =log, x? ~log, 25y"
\ J
\ J L
=log, x? - (Iog5 25 +log, y3)
1
= Elog5 X — (Iog5 25+ 3log, y)
=%log5x—2—3log5y

T 15736




0 Use the pro\duc’r rule, the
quotient rule. and the power

Expanding Logarifhm iC Equa'l'ion L e Yo expand and condense

loaarithmic expressions.

® Write the following expression in terms of logs of x, y, and z.

| (Xyz\ /Xz\; _ll | 2 l 8
\ J \ 28 y,
(o2
1 Xy 1
= | _ - _
» og\ 2 2(logx+2logy 8logz)
=%(Iog(xy2)—logzs) =%Iogx+logy—4logz

—




0 Use the pro\duc’r rule, the
quotient rule. and the power

CondenSing LOgari‘l'hmiC - EXPFQSSiOnS rule. to expand and condense

loaarithmic expressions.

® For M>0and N > O:

® Product Rule I°9b M+ l°9b N = |°9b(MN)

/ﬂ\

® Quotient Rule Iogb M — |°9b N = |°9b N
\ 'V

® Power Rule plog M=log M

® Note: Inevery case the base remains consistent (the same).

e T 17136




0 Use the pro\duc’r rule, the
quotient rule. and the power

CondenSing LOgari‘l'hmiC - EXPFQSSiOnS rule. to expand and condense

loaarithmic expressions.

® Write as a single logarithm

log25 +log4 =log(25¢4) =10g100 =2

( A
10g(7x +6)—logx =log| 7X*+°
. X
1 1
2|NX+§|N(X+5) = Inx? +In(x +5)?

— Inx*° +|n§/x+5

—Inx*Yx +5




0 Use the pro\duc’r rule, the
quotient rule. and the power

SOlVii‘IQ | Logarifhmic | Equaﬁon | | i rule. to expand and condehSe

o loaarithmic expressions.
® Find x if 2|09b5+%|09b9—|09b3: log, x

1

Iogb52+|ogb95—Iogb3:logbx

23

log, 25+log, 3—log, 3=1log, x X

(25.3)
. 3

® or,if youprefer log, =log, x




0 Use the pro\duc’r rule, the
quotient rule. and the power

The C\hange-of-Base PrOPer.'l'y ' A e rule. to expand and condehSe

loaarithmic expressions.

® For any logarithmic bases a and b, and any positive humber M,

log M
log b

log M =

® The logarithm of M with base b is equal to the logarithm of M with any new base divided
by the logarithm of b with that new base.

® The change of base formula allows you to estimate any log on your calculator without
using logbase(), or to use a simpler calculator (i.e. TI 30XIIS).

e T -0/36




0 Use the pro.ducf rule, the
quotient rule. and the power

The Chdnge- OF-Base Pf’OPer'l'Y ©rule. fo expand and condense

loaarithmic expressions.

4 )
Change-of-Base Formula

Let a, b, and x be positive real numbers such that a # 1 and 6 # 1. Then
log_ x can be converted to a difterent base as follows.

Base b Base 10 Base e
log,;, x log x In x
OZa A log, a O8a X log a log, x In a

N~— ——

21/36




0 Use the pro‘ducT rule, the

The Change'af Base and Cammon } | quotient rule. and the POW_e‘r
and Nafural Logarl.l-hms e o _ " “rule. .To e>.<pcmd and .condense

loaarithmic expressions.

® Tntroducing Common Logarithms

log, M = log M
log b

® Tntroducing Natural Logarithms
In M

log M =
L In b




0 Use the pro\ducT rule, the
quotient rule. and the power

Changing Base. '|'0 , CommOl‘l LOSQri*hms - pule. to expand and condense

loaarithmic expressions.

® Use your calculator and common logs to evaluate

log2506 _ 3.39898
log7 8451

~ 4,022

log, 2506 =

® Use your calculator and natural logs to evaluate

In2506 ~ 7.8264
In7 1.9489

~ 4,022

log, 2506 =

—




0 Use the pro\duc’r rule, the
quotient rule. and the power

finding -l-he ; inverse OF a fuaniOﬂ e Yo expand and condense

loaarithmic expressions.

® Remember, when finding the inverse of a function:
1. Replace f(x) with y in the equation.
2. Exchange x and y in the equation.

3. Solve the equation for y in terms of x.

4. If the inverse is a function, replace y with f -1(x).

® These same rules apply when finding the inverse of an exponential equation (a log) or
when finding the inverse of a log function (an exponential function).

e I 4136




0 Use the produc’r rule, the

flndlng 'l'he Inver‘Se OF an EXPOneni’ldl quotient rule. and the power

Equaf'On‘ ads ey , “rule. to expand and condense

loaarithmic expressions.

® Find the inverse of f(x)=2.5"-3

1. Replace f(x) with y in the equation. y=2.5"-3

2. Exchange x and y in the equation. x=2.5"-3

.
3. Solve the equation fory in ferms of x. x+3=2.5 X;?’ =5"  log, X;?’ =y
\ J

x+3\

4. If the inverse is a function, replace y with f -1(x). fl(x) = log,

. 2




0 Use the producT rule, the

flndlng 'l'he Inver‘Se OF an EXPOnenfldl quotient rule. and the power

Equai.'On‘ ads ey , “rule. to expand and condense

loaarithmic expressions.

® We can graph both functions l y A f(x) e
f(x)=2-5"-3 F(x)=1o (x+3 3 ”
= = 95\ > « = _3 1 W
x | f(x) x | F1(x)
2 | -2.92 3 | oops
-1 | -2.6 -2 | -0.4307 )
0 -1 -1 0 > "/ F1(x) —
1 7 O | 0.2519 ,
2 47 2 | 0.5693
- _21 : T r T 1T >
" y = -3
® Note asymptotes, intercepts, and axis of symmetry | [

— — 26/36




0 Use the pro‘ducf rule, the

ot e } Cadara | s ‘, : - quotient rule. and the power
flnd'ng ASY mP'I'O'I'es 'and In‘l.'ercepfs o “rule. to expand and condense
CodniedieaEe 3 v e ‘ - ' ' loaarithmic expressions.
p A
f(x)=2.5"-3 l f(x) = 2.5%-3 -
0=2.5"-3 3=2.5" 325’( |095§=Xz.25 3 ”\

X=—3} * o

y=2.5°-3 y=2-3=-1

/x+3\

' x])=log <
() / 5\\2 )
X+ 3
0=log, X+3:1 x =-1
. 2 2




0 Use the produc’r rule, the

flndlng 'l'he Inver‘Se OF an EXPOneni’ldl quotient rule. and the power

Equaf'On. Sl , “rule. to expand and condense

loaarithmic expressions.

® Find the inverse of f(x)= %e’( +1
1. Replace f(x) with y in the equation. y = %e* 1

2. Exchange x and y in the equation. x = %ey +1

: . 1
3. Solve the equation fory in terms of x. x-1= gey 3(x—1) =e” Ine’ = In(3x—3)
y = In(3x—3)

4. If the inverse is a function, replace y with f -1(x). f‘l(x) = In(3x—3)

T -3136

e




0 Use the producT rule, the

flndlng 'l'he Inver‘Se OF an EXPOnenfldl quotient rule. and the power

Equai.'On S ~rule. to expand and condense
il 3 e | - ‘ ' loaarithmic expressions. -
- A
® We can graph both functions F(x). .
1 ) ’
f(x)==e"+1 f~|x|=In3x -3

: [x)=In{3x-3)

x | f(x) X f-1(x)

-2 | 1.0451 1 o00opS

-1 | 11226 2 | 1.0986

0 | 1.333 3 1.79 y =1

1 | 19061 4 | 21972

2 | 3.463 6 | 2.7081

® Note asymptotes, intercepts, and axis of symme’rr?/

— T -9/36




flndlng fhe Inverse of an Exponen tial

0 Use the producT rule, the
quotient rule. and the power
“rule. to expand and condense

Equahon.. :
f(x)zlex+1
3
1 1 1 4
O=-e"+1 =e=-1 = —e%+1 S
36 + 38 Yy 32 + y 3

loaarithmic expressions.

f(x) 5




0 Use the pro\duc’r rule, the

flndlng 'l'he Inver‘Se OF a Lagarlfhm ~ quotient rule. and the power

furlCi'lOn ok o “rule. to expand and condense

loaarithmic expressions.

® Find the inverse of f(x)=2log3(x—2)—1

1. Replace f(x) withy in the equation. y =2log,(x-2)-1

2. Exchange x and y in the equation. x = 2|093(y—2)—1

x+1

3. Solve the equation for y in terms of x. >

:|093(y_2) 3(2):y_2 y:3(;(m)j+2

4. If the inverse is a function, replace y with f -1(x). f‘l(x) = S{Z(M)} +2




0 Use the pro‘ducT rule, the

flndlng 'l'he Inver‘Se OF qa Lagarlfhm - quotient rule. and the power
funchoﬂ G } ‘ "~ rule. to expand and condense

loaarithmic expressions.

® We have graphed enough, so let us find the intercepts.
F(x) = 2log3(x— 2)—1

1

O:2|og3(x—2)—1 %zlog?)(x—Z) x=32+2=2+v3~3.732

y:2|093(0—2)—1

f (x) = 3(;(“1)) +2

0= 3[;(X+1)) +2 2= 3{;(X+1)]

I T

e




0 Use the pro\duc’r rule, the

flndlng 'l'he Inver‘Se OF a Lagarlfhmlc ~ quotient rule. and the power

furlCi'lOn ok 28 “rule. to expand and condense

loaarithmic expressions.

® Find the inverse of f£(x)= 2log(2x+3)—5

1. Replace f(x) withy in the equation. y =2log(2x+3)-5

2. Exchange x and y in the equation. x = 2log(2y 3)—5

X;5=|og(2y+3) 10[?}:2”3 , 10 2

10[)(;5] -3

3. Solve the equation for y in terms of x.

4. If the inverse is a function, replace y with f -1(x). f—l(x) .




0 Use the pro‘ducT rule, the
quotient rule. and the power

finding ,Inverse Of Lagari'l'hm A pyle, Yo expand and condense

loaarithmic expressions.

® Again, find the intercepts.
f(x)=2log(2x +3)-5

5

0= 2'09(2X+3)—5 gZ |09(2X+3) IO2 —2X+ 3 X = 1022_3 ~156 61
y =2log(2-0+3)-5 y =2log(3)- 5 ~ -4.0458
f‘l(x)z 10()(;5] -3

g7

0




0 Use the pro\duc’r rule, the
quotient rule. and the power

M\\easu\r'ng .Ear*hquakes e o ©rdle. to expand and condense

loaarithmic expressions.

® On the Richter scale, the magnitude R of an earthquake of intensity I is given

by R = InI =11, where Ip is the minimum intensity used for comparison.

In10

® Write this as a single common logarithmic expression.

® Using the change of base formula.

logI logI,
. InI-InI _loge loge _logI-logI, _logI-logI, =Iog£
In10 log10 log10 1 I

log e




0 Use the pro\duc’r rule, the

A , Lok " o . S ~ quotient rule. and the power
Anther, LOOk I e . , L “rule. to expand and condense

loaarithmic expressions.

® On the Richter scale, the magnitude R of an earthquake of intensity I is given

InZ —InI : . . : : :
by R = o where Ipis the minimum intensity used for comparison.

In10

® Write this as a single common logarithmic expression.

® Using the converse of the change of base formula.

InZ —InI InT InI
R — 0 — 2 — — — i
In10 n10 In1to — 09I —logI = log

—




