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Chapter 4.1

Objectives

\ Recognize and use the vocabulary of angles.

N\

Use degree measure.

N\

Use radian measure.

N\

Convert between degree-and radian measures

N\

Draw angles in standard, position

\

Find coterminal angles

N\

Find the length of a circular arc

N\

Use linear and angular speed to describe motion on a circular path -

N\

DRRVERSERINAN N\ N N D

Find the area of a Sector
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Angles

A An angle is formed by two rays that have a common endpoint.

2 The common endpoint is called the vertex.

Z One ray is called the initial side and the other the terminal side.
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& An angle is in standard position if its vertex is at the origin of a rectangular
coordinate system and its initial side lies along the positive x-axis.
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Angles

& When we see an initial side and a terminal side in place, there are two kinds of
rotations that could have generated the angle.

Positive angles are generated Negative angles are generated
by counterclockwise rotation. by clockwise rotation.
Thus, angle a Is positive. Thus, angle 6 is negative.
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Angles

& An angle is called a quadrantal angle if its terminal side lies along an axis.

Angle B is an example of a quadrantal angle.

quadrant 2 4 quadrant I

OUR HOUSE-ELVES
ARE CURRENTLY
ON STRIKE.

YOU WILL HAVE TO

| Terminal

CLEAN UP YOUR W Side
OWN MESS UNTIL quadrant 3 quadrant 4

=/ FURTHER NOTICE.




Measuring Angles in

& Angles are measured by determining the amount of rotation from the initial side to
the terminal side.
A complete rotation of the circle is 360 degrees, or 360°.
An acute angle measures less than 90°.
A right angle measures 90°.
An obtuse angle measures more than 90° but less than 180°.
A straight angle measures 180°.

x Obtuse Angle Straight Angle

0<0<180°




Measuring Angles Using Pegrees

& A complete rotation of a circle is 360°.

2 One degree (1°) is 1/360th of a complete rotation.

2. An angle is measured in degrees, minutes, seconds.

2\ One degree = 60 minutes, one minute = 60 seconds.

2\ Or one second = 1/3600th degree, one minute = 1/60th degree.

49°32'58" = 49 degrees 32 minutes 58 seconds.




Converting to decimal

& Be cautious when converting degrees into decimal form.
& 36.5° = 36 degrees, 30 minutes.

& 48 degrees, 20 minutes = 48.333... degrees.
2 39°45" = 39 45/60 degrees = 39.75 degrees

2 39°28'13" = 39 + 28/60 + 13/3600 degrees

= 39 1693/3600 degrees =~ 39.4702778 degrees




11=-84

& You can convert decimal degrees to degrees, minutes, seconds on the TI-84.
A Ensure the calculator is in Degree Mode.

EDO o s

2. Back to home screen and enter degree measure in decimal form, then

COEDD « >ovs (I




& You can also convert degrees, minutes, seconds to decimal degrees but it takes a
few steps.

2. Ensure the calculator is in Degree Mode.

2 Enter the degrees only, then

2. Now when you hit ) the

@D 1: °( ) calculator will convert to decimal.

2\ Enter the minutes next then

@O > C1ED

2\ Enter the seconds, then

ALPHA _+ L ENTER_




Converting Pegrees to Radians

& From this point forward you need to be careful to ensure the calculator is in the
correct mode (Degree or Radian). Get in the habit of checking for degrees or
radians before you start working.

2\ Most of our work (and calculus) is done in radians so I keep my calculator in
radians and try to remember to switch to deqrees when needed.

2 To convert degrees to radians.

2\ Make certain the calculator is in Radian Mode.

2\ Enter the degrees, then, before hitting [ )

@O - C1ED

2\ Aaaaaah Radians




Measuring Angles in

m,\n\\)angle whose vertex is at the center of a circle is called a central angle.
R

The radian measure of any central angle of a circle is

the length of the intercepted arc divided by the length

of the circles radius.

Or to put that another way, the radian measure of any
central angle of a circle is the length of the intercepted
arc in the number of radii.

length of intercepted arc (s)
length of radias (r)

# radians =




Definition of a Radian

& One radian is the measure of the central angle of a circle that intercepts an( |
P L 0 | L A P o \; ‘
arc equal in length to the radius of the circle.
A °
Terminal
IR STUDY TIP
| . '* / 4
| & - One revolution around a circle
of radius r corresponds to an
——)) > angle of 27 radians because
r Initial
: s 27r
Side 0=-= = 2 radians.

r r




A Little Vocabulary

& An angle intercepts an arc when the initial and terminal sides of an angle infersect
a circle. The arc between the angle sides is the intercepted arc.

2. Chords of a circle also intercept an arc

2\ An angle is subtended by an arc when the initial and terminal sides of an angle are
at ends of the arc.

2 Any object that forms an angle from its extremities is said to subtend an angle.




Radian Measure

& A central angle 1‘hcnL intercepts an arc of length s, on a circle with radius r,
has a measure of > radians.

, A
J 2 radls 1 radian
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6 radians

Initial
Side 4 radians

J 5 radians




Computing Radian Measure

& A central angle 6, in a circle of radius 12 feet intercepts an arc of length 42 feet.
What is the radian measure of 67

42ft  21ft

0 — -
12ft  6Ft

= 3.5 radians




Computing Radian Measure

& A central angle 6, in a circle of radius 12 feet intercepts an arc of length 25 feet.
What is the radian measure of 67

— 25f7 = 2.083 radians

0 =
12ft «—

Note: radians have no unit of measure other than simply, radians.




Radian Measure

& Recall the definition of .

o Circumference Circumference

Diameter 2 X radius

2 A little algebra 2rr = Circumference

27 radians = Circumference

2 A little substitution

21w radians = 360° t radians = 180°




Conversion between Pegrees and Radians

& To convert degrees to radians or radians to degrees remember a circle has 360°
and a circumference of 2nr (or 21 radians)

360° 180°

2 2nr = 360°, solving for , 1 radian =
27 T

2\ To convert degrees to radians divide the degrees by the number of degrees

for 1 radian:
. degrees T
radians = = degrees X
180° 180°
T

2\ To convert radians to degrees multiply the radians by the number of degrees

for 1 radian:
180°

degrees = radians x

JU




Converting from Pegrees to Radians

& Convert each angle in degrees to radians: degrees 7

radians = = degrees X
180° 180°
60° -
@
a. 60° 60°x T . Eradicms
180° 180° 3

T 270°e 1w 31

b. 270° 270°x = = — radians
70 180° 180° 2

c. -300° —300°x w00 er 5w radians ’,... R

180° 180° 3 AC) Y




Converting from Radians to Pegrees

& Convert each angle in radians to degrees: | 180°
degrees = radians x
T
T . T . 180°
a. —radians —radians x —— = 45°
4 4 7 radians
4Tt . 4Tt . 180° —4 ¢ 180°
b. radians radians x — = = —240°
3 3 7 radians 3
- . 180° 6¢13830° 1080° iy
c. 6 radians 6 radians x . — — AC) ~
7 radians T T s T4
A




Suws of Angles

2 Complementary angles.

)
2\ Two positive angles whose sum is 90° E"adfaﬂs] are said tfo be complementary

2
angles.

2. Find the complements of 38°, and %radians

2 38° + x =90° Zraa’icms + X = Ema'icms

e 3 2
2 x =52 -

X = —radians

2 Supplementary angles. 6

2\ Two positive angles whose sum is 180° (ﬂ radiaHS) are said to be supplementary
angles.




Prawing Angles in Standard Position

& The figure illustrates that when the terminal side makes one full revolution, it
forms an angle whose radian measure is 2m. The figure shows the quadrantal
angles formed by 3/4, 1/2, and 1/4 of a revolution.
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Prawing Angles in Standard Position

& Draw and label the angle —zradlans In standard position:

The angle is negative so we rotate the terminal side clockwise.

Initial One full rotation is -2 radians
~Side

Vertex _r
adians 4 _ 1 rotations
27 8
Q Terminal 1
v Side So we rotate the terminal side clockwise 2 revolution




Prawing Angles in Standard Position

37

& Draw and label the angle Tradians in standard position:
2
l A 8 The angle is positive so we rotate the terminal side
Termina .
Side ‘ é counter-clockwise.
37T di
Tm lans Initial One full rotation is 21 radians
1 | Side
) S Ve = ™7 3—71.
3 .
4 _ 2 rotations
27T 3
v So we rotate the terminal side counter-clockwise i revolution.

8




I

& Draw and label the angle P radians in standard position:
6
8 A Terminal The angle Is negative so we rotate
S ‘ Side the terminal side clockwise.
8 _
~+ —radians\ Initial One full rotation is -2m radians
Side
—— — —)
4 Vertex ' 77 1 7
P o = — rotations
4 22 8
3 . . Y .
2 T2 So we rotate the terminal side clockwise 2 revolution.




Prawing Angles in Standard Position

137

& Draw and label the angle Tradians in standard position:
2
] —
3 A 8 The angle is positive so we rotate
8 ll the terminal side counter-clockwise.
‘ 8

o Initial One full rotation is 2m radians
8 e 137 1 5 .
e — —=1— rotations
4 2r 3

137
| ——radalans
| 4
Terminal | 5
Side M We rotate the terminal side counter-clockwise lg revolutions.




Degree and Radian Measures of Angles Commonly
Seen in Trigonometry

105°

90
In 3 5z 73°

' S .‘ *ﬁ ‘ + 0’ 277: 360°
237 3450
12
210° 6 117 3300
6
<Y4
225° - 4 315°
ar ST

270° 20/46



Degree and Radian Measures of Angles Commonly
Seen in Trigonometry

55°

240 17z
_4r 12
_ 3
225°_5_
4

150° 6
3z
135° 4 27
1200 3 277z 57
12 _2 12

-105°  _ggo ~75° 41 /46



Positive Angles in Revolutions of the Angle’s Terwminal

Terminal Side Radian Measure of Angle Degree Measure of Angle
1 : 1 o 3 \O M NO

— revolution == = — —-+360° = 30
12 12 6 12

I . l T | _

— revolution — 2T = — —+360° = 45°
8 8 4 8

l , I T 1 . -

— revolution =0 2T = —+360° = 60
6 6 3 6

| , [ T L o o

— revolution — 2T = — —+360° = 90
4 4 2 4

1 . I 27T | |

—revolution — 27 = — —= 360" = 120°

9. o.
2 ) 3 2,




Positive Angles in Revolutions of the Angle’s Terwminal

Terminal Side Radian Measure of Angle Degree Measure of Angle
- revolut L) L. 360° = 180°
5 revolution 5 27 — 3 5 S00" = 1ol
2 : 2 417 2 |
—revolution A = = 300" = 240°
R b) D) )

2, = S .

=) : b, DTT =53 et e
— revolution —e 2T = —+360° = 270
4 4 2 4

7 . 7 7T i __ _
—revolution —* 20 = —=360" = 515"
8 8 4 8

| revolution | <21 = 21 1 -360° = 360°




Co-terminal Angles

& Two angles with the same initial and terminal sides but possibly different rotations
are called co-terminal angles.

Increasing or decreasing the degree measure Terminal
of an angle in standard position by an integer  ¢n 1360 = 420° A Side
multiple of 360° results in a co-terminal angle.

420

So, an angle of 60 is co-terminal with angles
of 60 + 360°k, where K is an integer:

Initial
~Side

780 + 360 = 1140° | /

Also, an angle of A radians is co-terminal with angles
of A radians + 2k radians, where K is an integer.




Example: Finding Coterwminal Angles

8 Assume the following angles are in standard position. Find a positive angle
that is co-terminal with each of the following:

a. a 400° angle 400" - 360° = 40°

b. a -135" angle -135° + 360" = 225°

c. a 430° angle 430° - 360° = 70°

d. a -40" angle -40" + 360" = 320°




Example: Finding Coterwminal Angles

& Assume the following angles are in standard position. Find a positive angle
that is co-terminal with each of the following:

a. 3% radians 3z, _ & 107 37

S 5 5 5 5
b. — = radians Toor - T, 30r _ 297

15 15 5 15 15

3/ . 371 37t 48m llrx
C. — radians - 8T = | _

6 6 6 6 6




The Length of a Circular Are

& Assume a circle with radius r has positive central angle 6 radians

The length of the arc intercepted by the central angle is s = r6

Terminal T
Sid




Finding the Length of a Circular Are

& A circle has a radius of 6 inches. Find the length of the arc intercepted by a
central angle of 45°. Express arc length in terms of m. (Then approximate your
answer to two decimal places.

First convert 45° to radians (We will
T 45°emT T

calculate, but soon you should be able 45°X —— = — = —-radians
to convert 45° automatically): 180 180 4

Then find the length of the arc. s = = radians x oin__ 3—ﬂirl ~ 4.71in

4 radian 2




Finding the Length of a Circular Are

& A circle has a radius of 9 inches. Find the length of the arc intercepted by a
central angle of 135°. Express arc length in terms of m. (Then approximate your
answer to two decimal places.

S\,
N

First convert 135° to radians 135°x T 1357 e 7 = 3—ﬂmaf/ans

180° 180° 4

Find the length of the arc. S = 3—7rrad/an5x all — iz in = 21.21in

4 radian 4




Definitions of Linear and Angular Speed

& If a point is in motion on a circle of radius r through an angle of 6 radians in time f,
then the points linear speed (how fast our little man is flying around the circle) is:

S
V = ? s is the arc length (s = ro)
The angular speed (spin rate in # revolutions/unit of time) is given by

w(omega) = ?




Linear Speed in terms of Angular Speed

& The linear speed, v (velocity), of a point a distance r from the center of rotation is
given by:

STUDY TIP
Linear speed measures how fast
the particle moves, and angular
vV = i _ ﬁ — r Q — ro V — r a) speed measures how fast the
- # - t - t - angle changes. By dividing the

formula for arc length by ¢, you
can establish a relationship
between linear speed v and
angular speed w, as shown.

s =rb
v is the linear speed of the point and s_19
w is the angular speed of the point. t




Example: Finding Linear Speed

# The largest wind turbine has blades 88.4 meters long and the
diameter of the rotating assembly is 180 meters. If one
revolution takes 8 seconds, what is the linear velocity (m/s) of
a point at the tip of a blade?

We are told it takes 8 seconds for one revolution, so
the angular speed, w, is 1/8 revolutions/second.

Before applying the formula v = ro, we must express
w in terms of radians per second:

1 revolution
0 = X — = =
8seconds 1revolution 8 seconds 4 seconds

2rradians  2mradians 7« radians

radians

1854

S
!

SecC



Example: Finding Linear Speed

& The largest wind turbine has blades 88.4 meters long and the diameter of the
rotating assembly is 180 meters. If one revolution takes 7.5 seconds, whaf IS ’rhe
linear velocity (m/sec) of a point at the tip of a blade?

_ 7854 radians o
secC —

—

The radius of the rotating assembly is 90 meters.

L 90m o .7854 radians 70,6858 m/sec

1 radian 1 second

That is about 155.5 miles/hour.



Example: Finding Linear Speed

& A typical HDD (hard disk drive in your computer) spins at 7200 revolutions per
minute (rpm). In a desktop computer the form factor of an hdd is 3.5 inches.
What is the linear speed of a spot 3 inches from the center?

One revolution is 2m radians. Thus 7200 rpms is ...

.. an angular speed of 7200 x 2m = 144001 radians per minute.
The linear speed at 3 inches is
V=T

L 3 in o 144001 radians 432007 in
1 radian Iminute 1 minute

~ 135716.8 in/min




Sectore

& A sector of a circle is the region formed by two radii of the circle and the
intercepted arc

For a circle with radius r and central angle 6 radians,
the area of a sector is given by A = (1/2)6r2.

This is easily confirmed considering the area of circle

A =nr’ = %(Zn)rz




Area of a Sector

through an angle of 180 degrees. What area of the lawn is watered by the
sprinkler?

2\ First convert 180° to 1 radians.

= (1/2)r26
= (1/2)602 feet2 x m radians = 18001 square feet




