Analyticilrigonometry

99 Vouble=Angle; Yower-Kedueing, Halt=Angles SumtoVroduct
andProducttorSumEormulas




Homework

09,9 Kead'Sec 99
op41Y I-1 21 every other odd




Ohjectives

Use multiple'angle, power reducing, halt-angle formulas o
rewrite and evalvate trigonometric functions:

Use product tosumiand sum to product formulas forewrite
and evaluate frigonometric tunctions.




sin2a = sin(a + a)

sin(a + @) =sinacos § + cos a sin B

=SIN O COS O+ CoSasina

= 2SINn O COS

sin2a = 2 sina cosa
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cos2a = cos(a + a)

cos(a + B) = cos a cos B + sin a sin

- = COSOCOSO—SINasina

= CO0S2 O — SInNZ2 A

COoS2d = cosS2a - sin?2a




tano +tan o

tan20 =
1-tanatan o
B 2tan o
1—tan‘ o
tan 20 — 2tan o
1-tan® o
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Dy Gzt

Cos 20 # 2G0s0 Cos 20 # cos2cos0
Sin 20 # 2Sin0 Sin 20 # sin2sind
tan 20 # 2tand tan 20 # tan2tano
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Usingiouble=Anglerormulasttorindexacvalues

If sing@ = ﬂcmd B lies in QII, find the exact value of c0s 260
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K\\ 4° + x° = 5% 3
\J T cosG——g

2 2
5 (3) (4)_9 16 7
_5) |5) 25 25 25
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/ 7l 41194

//ld)f/) ?l)//ﬂ”’ o /)/)”’ ’(’77’)//”/)4 re ’//)/

e N 24

If sing = i and O lies in QII, find the exact value of Sin20.
5
5 3
4 CoS O = — E sin2a = 2sin a cos a
O ;
X sin20 = 2sinfcos 6

N 5\ 75) 25
NI
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Usiing Dontle-r2nole Formalind v Fond) Shact Valies
4

If sin@ = — and 6 lies in QII, find the exact value of Tan26
5
3 4 tano = . Of course
5 cosf=—— tTanf=—— cCoS 0.
4 5 3 | tan2q sin2c
) tan2p= 21N tan2o - 2800 | eesa
1- tan? 6 1-tan"a -
X R fan20 — sin2é
f\\ 2/ 4" 3 cos 26
3) T3 24 24
N, 3
_ = == 24
KJ ( \2 — 25 —
|4 A 7 7
. 3 ? 25
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Thidd i b s B M b il i 2 a Ay,
cC0S20a = cos2a - sin?a

= cos2d—(1—-cos?2aq)

= cos2 a— 1+ cos? a)

= 2c0s?2 a — 1

cos2a = 2cos2a - 1
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Thidd i b s B M b il i 2 a Ay,

COS20 = coS2da - sin?a

=1 —-sIn?2a—Sin? q

=1 —2sIn? A

cos2a = 1 - 2sin?a
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sin2a = 2 sina cosa

cos2d = cos2a - sinZa

cos2a = 2cos?a - 7

cos2a = 9 - 2sin?a

tan220 = m

1-tan® o
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Solve: sin2x-cos x=0

sinZ2x-cosx=0 sin2a = 2sin a cos O
2sinxcosx—cosx =0

cosx(Zsinx — 1) =0
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- Simplify and graph y = cos#x — sin*x on [0, 2m)

cos* x —sin* x = (cos® x)2 —(sin? x)2

S :(cos2 X )—(sin® x): :(c:os2 X)+(sin® x)

= (cos®x)—(sin® x) |[1]

1 - Graph one cycle.

// \ 3 //

= COS2X T
2 [mw\ 2 [ 2&m
)
2 T A/
111 -1 1 \
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- Given sinezzand
13

COS O =

g< 6 < r find sin 20, cos 20, and tan 20.

13
12

O ;

D
N,

sin29=2(z)( > )=
13 13

120
169

tan26 =

COS20 = CO0S2 a — SinZ2 a

5 )2_(2)2_
13 13)

119
169

cos 26 :(

120

169 120

119 ~ 119

169
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Verify the identity sin30 = 3sin® - 4sin30©

=sin20cos O + cos20sinb

= (2sinBcosB)cos O + (cos’ 6 —sin°0)sind

= 2sin0cos’ 0 + sinfcos’ 0 — sin* O

= 3sin0cos’ 0 —sin’ O

= 3sin0(1-sin°0) —sin° o

= 3sin6 — 3sin*0 —sin*6 = 3sind—4sin’ o



©cos2a = 2cos?a -1 cos2a = 1 - 2sinza

. ) 2sin?a =1 —cos 2a

2C0S20 =cos 2a + 1

C052 O = cos 2o +1 ‘:n Sinz o = 1-coslux
e >
1+ coslo _
COS2 O = ——— <i 2 . _ 1 cos 20,
inog=——
2 2
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tan® o

sin? o
COS* o

tan® o =

1—Ccos 2«

_ 2
1+ cos 2«

2

tan® o =

- 1-cos 2«

1+ cos 2a

1-cos 2

1+ cos 2¢
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sin2a = 2 sina cosa

1 + cos 20
2

cos® o =

cosS2d = cos?a - sin?a
1 - cos2cx

cos2a = 2cos2a — 1 sin® o =

2

cos2a = 1 - 2sin?a

tan? o — 1-cos 2o
tan2o = _Seng 1+ cos 2«

1-tan® o
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Write an equivalent expression for sin4 x that does not contain powers of

trigonometric functions greater than 1.

2
. 4 . 5 2_/1—C082X\ 1-2c0s2x+c0s°2x ., 1-cos2a
SN X:(Sln X) — — sSin" o =
.2 4 °
( A
1—-2C0S2x+ 1+ cos4x
B X 2 ) 2—4cos2x+1+cos4x
4 8 ,  1+cos2a
cos‘a= ;

~ 3—4cos2x+cosdx
) 8
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cos2a = 2cos?a - 1

(205\ 2/05\ /oc\ coso +1 coso
cos| — | =2cos 1 cos| — | = or —
2, 2, 2) V2 Vo2
()
cos o = 2¢os? % -1 :
04 + COS O
r 5 cos [—} = i,/—
coso +1=2cos?| = < <
2
()
coso +1 o
; = cos® > Khow theQuadrant!
\ &
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COS

cosa =1-2sin’| =

2sin°

sin

(o

2

2

=1-2sin’

/a\

L) 1441007 4 Cedasdbe  hii o Tl
cos2a = 1 - 2sin?a

2
\

=1—-cosc

~1-cosa
2

sin| — =\

Know the Quadrant!?
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% ,)ﬂ’ — gif 77/)4/ ) 777)11}/

/Derniiints G

o
tan| —

2

£ sin

2 o “\/

cosE 2 1+ cosa
1-coso
_ \ 2 . 1-coso
\1+cosoc \1+cosa Know the Quadrant!
2
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sin2a = 2 sina cosa ) 1+ cos2c

cos” o = ~
cos2a = cos2a - sin?a 1 — cos 20
sin® o = cin| 2| = 4 [1=cos@
cos2a = 2cos2a - 1 2 2 2

cos2a = 1 - 2sin?2a

2tano

1+cos2a tan(%) _ 4 [1=cosa
1-tan®o

tan22ca =
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Keep in mind that with half angle formulae, the sign outside the radical (the sign of the
% i
cos function (inside the radical) is determined by the quadrant in which a is found.

o 1+cosa
cos| — | = i\/—
2 2

half angle function) is determined by the quadrant in which — is found. The sign of the
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sin2e
1+ cos?6

Verify: tan6 =

sin2e 2sinfcos@

1+c0s20 1+ (1-2sin?6)

- 2sinfcos® _ 2sin6CosO
2-2sin’0  2(1-sin’6)

_2sinfcosf  sind
2(cos* 6) cos 6

= tanéb
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Sxample

1-cos?6

Verify: tan6 =
sin26

1_cos2g 1-(2cos?6-1)
sin29  2sin@coso
2-2cos’0 _ 2(1-cos®6)
2sinfcos®  2sinBcoso

¢« 7 .
2sin"®  sind  _ +4ng

B 2sin@cos@ cos 6




sin2e

tan o = 1-cos?26
tanf =
1+ cos?6 <in20
.2
0 sin®” sin6 1- cosz—e
Tan— = 2 — f ‘\ Tang— 2 1-cos@
2 1+ COS 2_9 1+ Cos o R, = pa . 20 sih6
2 SIN—
2
1-an: sino - ‘l'ang—l_cose
2 1+ cosé > sin O
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Find the exact value of cos105°.

cos105° = cos

/2100\

105° is in QII, 210° is in QI

\

-
+c0s210° mz“.=_£
2 2
1+/—J§\
2] 1 3243
> \2 4 \' 4




Find the exact value of cos215° - sin215°

cos’ 15" - sirf 15" = cos(2:15") | Ge82a = cos®a - sinta

= cos 30°




Verify: ‘rang = sect
2 secOcscO+csco
1 1
seco B CoS O B CoS O . cos0sing
secOcscO +csch 1 1 1 1 cos6siné

cosOsin® sin®  cosOsin® sind

N6 6
_ 3N = Tan—

_1+c059 2




Verify: sindx = 4sinx cos® x — 4sin’ x cos x

sin4dx =sin2(2x) = 2sin2x cos2x

= 2(2sinx cos x)(cos® x — sin® x)

= (4sinx cos x)(cos® x — sin® x)

= (4sin x cos x)(cos® x) — (4sinx cos x)(sin° x)

= (4sinxcos’® x) — (4sin® x cos x)
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Verify: cos 3x = 4cos’ x — 3cos x

cos 3x =cos(2x + X) = cos2xCosS X —sin2xsinx

= (cos® x — sin® x) cos x — (2sin x cos x) sin x
= c0s> X — sin° X cos x — 2sin° X cos X

= oS> X — 3sin° X cos X

= cos’ x — 3(1 — cos® x)cos x

= cos’ x — 3(cos x — cos’ x)

= co0s’ x —3cos x + 3cos’ x

— 4c0s’ x —3cos x

S459
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b o Y/H

Find the exact value of cos? =~ is in QI
(57r\ /1 57r\ /1
— +C0S —— |
8 2 2 2
. \\ / \\
o 1 2
\2 4
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Find the exact value of sin75°

/.

75° is in QI

z < sin75” = sin 1520O

L/

1-cos1b0’

\
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o X
- Solve 28|n25 = COS X on [0, 2r).

NS
2sin“| — |—cosx =0 1—-cosx—-cosx =0
\ 2 )
( (X\\Z 1-2cosx =0

2| sIn —cosx =0 1
. \2)/) f/\ COSX =
2/+ 1—<:osx\2 K\J 5

+ —cosx=0 _r _9r
Vo2 YT3 T3

(1-cosx
o 17098X ) hsx =0

. 2
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sino sin B = ! _cos(oc — B) — cos(a + ,B)_

2

— % _(cosoccos,B + sinacsin B) — (cos o cos B — sinocsinﬁ)_
— %_wss'ﬁ+ sinasin — isP + SiﬂOCSin.B_
1. . LT
=—|2sinasinf
2 u —_
=sino sin

SHE9



7 B Ver'lfy COS O COS ﬁ - %[COS(“ - ﬁ ) + cos(a + ﬁ )]

— % _(cosoccosﬁ + sinacsinB) + (cos o cos B — sinasinﬁ)_
1r . N . LT

— . CoS 0 €oS B +sire=siT3 + cos o cos B —sina sinf3
1 _ —_

ZE 2Cos o cos B

= cosa cos 3

/59



s%® Verify sino cos f = %[Siﬂ(a + B) + sin(a - ﬁ)]

(sino cos B + casessirB) + (sina cos B — cos o sin B)

1
2

2sinocos 3

L
2

= siha cos B

k159



s%® Verify cosasinf = %[sin(a + B) - sin(a - B)]

:%_ ine-eosP + cos o sinf) — (sinereos’ — COSOCSi”,B)_
1r L
— E ZCOSOCSW\ﬂ

=cososinf
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sinasinff = %[cos(a — B) — cos(o + ﬁ)]
cosa cosfB = %[cos(a — B) + cos(a + ﬁ)]
sinacos 8 = %[sin(a + B) + sin(a - ﬁ)]
cosasinf = %[sin(a + B) - sin(a - ﬁ)]
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s%® Express the product as a sum or difference: sinbxsin2x

sinbx sin2x = % _cos(5x —2x)—cos(bx + 2x)_
1 _ —_
= E cos3x —cos/ x

A4/ 59



COS 7 X COS X = ! _cos(7x — Xx)+cos(7x + x)_

2

1 _ —
—| cosb6x + cos 8x
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o+ p o-p

cos
2 2

sasVerify sino + sin B = 2sin

o+ o—p 1] . /(x+48'| oc—ﬁ\ (J+ﬁ z—ﬁ\

2sin CcoS =2 —|sin + sin
2 2 2_ - 2 . 2 2 )
(5 ) (a0 )
=| sin ca + Sin 2h =siha +sinf
2 2 )
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o-p o+ f

cos
2 2

sasVerify sino —sinf = 2sin

) T, \ o . n)
2sin® P eos ¥ P g4 L gin| O OIP || i L P AP
2 2 2| | 2 2 . 2 2 ).
T (o) (o] - :
— | sin ca + sin °p = sin(oc)+sin(—,l3)
L2 . 2 )] - ]
=sino —sinf
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2 COS

o+

2

COS

-

=2e—| COS

(2_,3\

1
0O
O
n

o+ p

2

CoS

o-p

2

L2

(z+ﬁ z—ﬁ\
.2 2
KZa\_

+ COS| —
2 )

=coso +Ccos 3

+ COS
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c+p . a—p 1 /gr+ﬁ z—ﬁ\

-2sin sin = —2e—|COS — CO0S
2 2 2| | 2 2 ) | 2 )
i (50 (4 _ _
= —-1| cos p — COS ca =-1 cos(ﬁ)—cos(a)
2 2 ) - -
= coso — Ccos B
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sina + sin B = 2sin 2 cos £~
2 2
sinc — sin B = 2sinZ—F cos 2T
2 2
cosa +cos B = 2cos 2P cos £ =
2 2
cosa—cosﬁ=—2$ina+ sin 2 —

SS9



Product to Sum Sum to Product

ina si - : . a+pB a-p
sinasinf = E[COS(O! - B) — cos(a + ﬂ)] sina + sin B = 2 sin , cos 5
°°3“¢°Sﬂ=1[¢°=(a-ﬁ)+603(a+ﬁ)] sina - sin g = 2sin 2P cos 2P

. z z
sinacosﬁ=1[sin(a+ﬁ)+sin(a-p)] cosa+cosﬁ=2cosa+ﬁc¢,s“‘ﬁ

2 2 2
°°3a$iﬂﬁ=1[85'\(0!"'[3)-8"‘(06-/3)] cosa - cos f = —2sin 2L sin 2P

2 2 2
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5%® Express the sum as a product: sin7x +sin3x

X+ 3X S7x—3x

sin/x +sin3x =2sin CO
2 2

=2sinbxcoslx
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i%® Express the sum as a product: cos 3x + cos2x

3xX+2X 3x-2X

COS 3X + CcosS2X = 2C0S , COoS ,

Bx X
= 2C0S — COS —

2 2

5559



j%® Express the product as a sum or difference: sin2x cos 3x

Sin2x cos 3x = ! _sin(Zx + 3x) + sin(2x — 3x)_

2
Ir . . -
= E sinbx + sin(—x)
1

2

sinbx —sinx

SS9



5%® Express the product as a sum or difference: 2sin74° cos114°

25in74° cos114° = 2 ¢ ~[ sin(74 + 114)° + sin(74 — 114)°

2

_ 1| sin188° + sin(—40")_

=sin188° — sin40°

5559



sin3x —sinx

Verify: tanx =
COS 3X + COS X

33X — X 3X+ X . 2X 4 x
. . 2sin coS 2SiIN—C0S——

sin3x —sinx 2 2 _ 2 2
CoS 3X + COS X 3x+ X 3IX—X 4 x 2X
2 COS CcoS 2C0S——C0S——

2 2 2 2

_ £ SN X Co&eX _ tan x
2 CRETX COS X
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s&® Find the exact value of sin 195° - sin 105°.

( A ( _ \
sin195° —sin105° = 2| cos 195+105 Sin 195105
. 2 ) U 2

= 2| cos(150)’ sin(45)

G 2] &

2 2 2

@)
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. sSIn7Xx —sIin5x
COS/X —CO0SbHx

. . 22 COS
SiIn/X —SIinbx

COS7X —COS5X
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e Solvecos 3x+cosx=0onl0 2m)

cos3x+cosx =0

[ 3X + X 3x—x )
2| COS > COS > =0

\ J
2(cos(2x)cos(x))=0 cos(x)=0
cos(2x)=0 x="2= x:%r % T 3w Sm 3n Txm
. - - ° 4’24742 4
2X = — DX = — :_ﬂ _771'
2 > X 5 2X—?
4 4 4 4
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