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 Chapter 5
Analytic Trigonometry

5.5  Double-Angle, Power-Reducing, Half-Angle, Sum to Product, 
and Product to Sum Formulas

1
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 Chapter 5

•5.5 Read Sec 5.5  
•p415 1-121 every other odd

Homework



/593

• Use multiple angle, power reducing, half-angle formulas to 
rewrite and evaluate trigonometric functions. 

• Use product to sum and sum to product formulas to rewrite 
and evaluate trigonometric functions.

Objectives
 Chapter 5.5



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

sin(α + β) = sin α cos β + cos α sin β

4

sin2α = sin(α + α) 

 = sin α cos α + cos α sin α

 = 2sin α cos α

sin2α = 2 sinα cosα
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5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

5

cos2α = cos(α + α) 

 = cos α cos α – sin α sin α

 = cos2 α – sin2 α

cos2α = cos2α – sin2α

/59

cos(α + β) = cos α cos β + sin α sin β



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

6

 
tan2α =

2 tanα
1− tan2 α

 tan2α
 
=

tanα + tanα
1− tanα tanα

 
=

2 tanα
1− tan2 α
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5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

Be Careful

Cos 2θ ≠ 2Cosθ 
Sin 2θ ≠ 2Sinθ 
tan 2θ ≠ 2tanθ

Cos 2θ ≠ cos2cosθ 
Sin 2θ ≠ sin2sinθ 
tan 2θ ≠ tan2tanθ
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5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas
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  42 + x2 = 52

  x = −3  
cosθ = −

3
5

θ
x

5
4

If                  and θ lies in QII, find the exact value of           .
 
sinθ =

4
5

 cos2θ

cos2α = cos2 α – sin2 α

 
= −

3
5

⎛

⎝
⎜

⎞

⎠
⎟

2

−
4
5

⎛

⎝
⎜

⎞

⎠
⎟

2

 
=

9
25

−
16
25

= −
7

25

Using Double-Angle Formulas to Find Exact Values



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

If                  and θ lies in QII, find the exact value of           .
 
sinθ =

4
5

 sin2θ

sin2α = 2sin α  cos α
 
cosθ = −

3
5

 sin2θ = 2sinθ cosθ

 
= 2 4

5

⎛

⎝
⎜

⎞

⎠
⎟ −

3
5

⎛

⎝
⎜

⎞

⎠
⎟

 
= −

24
25

θ
x

5
4
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Using Double-Angle Formulas to Find Exact Values



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

If                 and θ lies in QII, find the exact value of           .
 
sinθ =

4
5

 tan2θ

 
cosθ = −

3
5

 
tan2θ =

2tanθ
1 − tan2θ

 

=

2 − 4
3

⎛

⎝
⎜

⎞

⎠
⎟

1 − − 4
3

⎛

⎝
⎜

⎞

⎠
⎟

2

 

=
− 8

3

− 7
9

 
tan2α =

2 tanα
1− tan2 α

 
tanθ = −

4
3  

tanα =
sinα
cosα

 
=

24
7

θ
x

5
4

Of course

tan2α = sin2α
cos2α

tan2θ = sin2θ
cos2θ

=
−24
25

− 7
25

= 24
7
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Using Double-Angle Formulas to Find Exact Values



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

cos2α = cos2α – sin2α

 = cos2 α – (1 – cos2 α)

 = cos2 α – 1 + cos2 α)

 = 2cos2 α – 1

cos2α = 2cos2α – 1

11/59

Three Forms of the Double-Angle Formula for cos2θ



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

cos2α = cos2α – sin2α

 = 1 – sin2 α – sin2 α

 = 1 – 2sin2 α

cos2α = 1 – 2sin2α
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Three Forms of the Double-Angle Formula for cos2θ



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasDouble-Angle Formulas

sin2α = 2 sinα cosα

cos2α = cos2α – sin2α
cos2α = 2cos2α – 1

cos2α = 1 – 2sin2α

 
tan2α =

2 tanα
1− tan2 α
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Double Angle Formulae



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample

14/59

Solve: sin 2x – cos x = 0

sin 2x – cos x = 0

2sinx cosx − cosx = 0

cosx 2sinx − 1( ) = 0

cosx = 0
2sinx − 1 = 0

x = π
2
+ n2π x = 3π

2
+ n2π

sinx = 1
2

x = π
6
+ n2π x = 5π

6
+ n2π

sin2α = 2sin α  cos α



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasGraph
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• Simplify and graph y = cos4x – sin4x on [0, 2π)

cos4 x − sin4 x = cos2 x( )2 − sin2 x( )2
= cos2 x( )− sin2 x( )⎡⎣ ⎤⎦ cos2 x( )+ sin2 x( )⎡⎣ ⎤⎦

= cos2 x( )− sin2 x( )⎡⎣ ⎤⎦ 1[ ]
= cos2x

x 0 π/
2 π 3

π/
2

2
π

y=2c
osx

1 -1 1 -1 1

Graph one cycle.

3π
4

π
π
2

π
4

0

1

–1

7π
4

2π
3π
2

5π
4



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasAngulo Doble
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• Given                  and                , find sin 2θ, cos 2θ, and tan 2θ.sinθ = 12
13

π
2
< θ < π

θ
x

13
12

cosθ = − 5
13

sin2α = 2sin α  cos α

sin2θ = 2 12
13

⎛
⎝⎜

⎞
⎠⎟ − 5

13
⎛
⎝⎜

⎞
⎠⎟ = −120

169

cos2α = cos2 α – sin2 α

cos2θ = − 5
13

⎛
⎝⎜

⎞
⎠⎟
2

− 12
13

⎛
⎝⎜

⎞
⎠⎟
2

= −119
169

tan2α = sin2α
cos2α

tan2θ =
−120
169

−119
169

= 120
119



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasVerifying an Identity
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Verify the identity sin3θ = 3sinθ – 4sin3θ

sin3θ = sin(2θ +θ) sin(α + β) = sin α cos β + cos α sin β

 = sin2θ cosθ + cos2θ sinθ

= (2sinθ cosθ)cosθ + (cos2θ − sin2θ) sinθ

sin2α = 2 sin α cos α cos2α = cos2 α - sin2 α

 = 2sinθ cos2θ + sinθ cos2θ − sin3θ

 = 3sinθ cos2θ − sin3θ

 = 3sinθ(1 − sin2θ) − sin3θ

 = 3sinθ − 3sin3θ − sin3θ  = 3sinθ − 4sin3θ



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasPower-Reducing Formulas

cos2α = 2cos2α – 1

2cos2 α = cos 2α + 1

 
cos2α =

cos2α + 1
2

 
cos2α =

1 + cos2α
2

cos2α = 1 – 2sin2α

2sin2 α = 1 – cos 2α 

 
sin2α =

1 − cos2α
2

 
sin2α =

1 − cos2α
2
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5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasPower-Reducing Formulas

 tan2 α

 
tan2 α =

sin2 α
cos2 α

 

=

1− cos 2α
2

1+ cos 2α
2

 
=

1− cos 2α
1+ cos 2α

 
tan2 α =

1− cos2α
1+ cos2α
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5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasAll Together Now
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sin2α = 2 sinα cosα

cos2α = cos2α – sin2α

cos2α = 2cos2α – 1

cos2α = 1 – 2sin2α

 
tan2α =

2 tanα
1− tan2 α

 
cos2 α =

1 + cos 2α
2

 
sin2 α =

1 − cos 2α
2

 
tan2 α =

1− cos2α
1+ cos2α



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasPower-Reducing Formulas

Write an equivalent expression for sin4 x that does not contain powers of 
trigonometric functions greater than 1.

  
sin4 x = sin2 x( )2

  
=

1− 2cos 2x + cos2 2x
4  

=
1− cos 2x

2
⎛
⎝⎜

⎞
⎠⎟

2

  
=

1− 2cos 2x + 1+ cos 4x
2

⎛
⎝⎜

⎞
⎠⎟

4   
=

2 − 4cos 2x +1+ cos 4x
8

  
=

3 − 4cos 2x + cos 4x
8

sin2α = 1 − cos2α
2

cos2α = 1 + cos2α
2
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Reducing the Power of a Trigonometric Function



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasHalf-Angle Formulas

cos2α = 2cos2α – 1

 
cos 2α

2

⎛

⎝
⎜

⎞

⎠
⎟ = 2cos2 α

2

⎛

⎝
⎜

⎞

⎠
⎟ − 1

 
cosα = 2cos2 α

2

⎛

⎝
⎜

⎞

⎠
⎟ − 1

 
cosα + 1 = 2cos2 α

2

⎛

⎝
⎜

⎞

⎠
⎟

 

cosα + 1
2

= cos2 α
2

⎛

⎝
⎜

⎞

⎠
⎟

  
cos α

2

⎛

⎝
⎜

⎞

⎠
⎟ =

cosα + 1
2

or −
cosα + 1

2

Know the Quadrant!

 
cos α

2

⎛

⎝
⎜

⎞

⎠
⎟ = ±

1 + cosα
2
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Deriving a Half-Angle Formula



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasHalf-Angle Formulas
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cos2α = 1 – 2sin2α

 
cos 2α

2

⎛

⎝
⎜

⎞

⎠
⎟ = 1 − 2sin2 α

2

⎛

⎝
⎜

⎞

⎠
⎟

 
cosα = 1 − 2sin2 α

2

⎛

⎝
⎜

⎞

⎠
⎟

 
2sin2 α

2

⎛

⎝
⎜

⎞

⎠
⎟ = 1 − cosα

 
sin2 α

2

⎛

⎝
⎜

⎞

⎠
⎟ =

1 − cosα
2

  
sin α

2

⎛

⎝
⎜

⎞

⎠
⎟ =

1 − cosα
2

or −
1 − cosα

2

sin α
2

⎛

⎝
⎜

⎞

⎠
⎟ = ± 1 − cosα

2

Know the Quadrant!

Deriving a Half-Angle Formula



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasHalf-Angle Formulas
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=

1 − cosα
2

1 + cosα
2

 
tan α

2

⎛

⎝
⎜

⎞

⎠
⎟

 

tan
α
2

⎛
⎝⎜

⎞
⎠⎟
=

sin
α
2

cos
α
2

 
= ±

1 − cosα
1 + cosα

tan α
2

⎛

⎝
⎜

⎞

⎠
⎟ = ± 1 − cosα

1 + cosα

Know the Quadrant!

Deriving a Half-Angle Formula



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasAll Together Once Again
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sin2α = 2 sinα cosα

cos2α = cos2α – sin2α

cos2α = 2cos2α – 1

cos2α = 1 – 2sin2α

 
tan2α =

2 tanα
1− tan2 α

 
cos2 α =

1 + cos 2α
2

 
sin2 α =

1 − cos 2α
2

 
tan2 α =

1− cos2α
1+ cos2α

 
cos α

2

⎛

⎝
⎜

⎞

⎠
⎟ = ±

1 + cosα
2

 
sin α

2

⎛

⎝
⎜

⎞

⎠
⎟ = ±

1 − cosα
2

 
tan α

2

⎛

⎝
⎜

⎞

⎠
⎟ = ±

1 − cosα
1 + cosα

Double-Angle Formulas Formula Reduction Half-Angle Formulas



Keep in mind that with half angle formulae, the sign outside the radical (the sign of the 
half angle function) is determined by the quadrant in which     is found.  The sign of the 
cos function (inside the radical) is determined by the quadrant in which α is found.

5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasCaution
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cos α
2

⎛

⎝
⎜

⎞

⎠
⎟ = ± 1 + cosα

2

α
2



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample

Verify:
 
tanθ =

sin2θ
1 + cos2θ

 

sin2θ
1 + cos2θ

=
2sinθ cosθ

1 + (1 − 2sin2θ)

 
=

2sinθ cosθ
2 − 2sin2θ  

=
2sinθ cosθ
2(1 − sin2θ)

 
=

2sinθ cosθ
2(cos2θ)  

=
sinθ
cosθ

 = tanθ

27/59



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample
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Verify:
 
tanθ =

1 − cos2θ
sin2θ

 

1 − cos2θ
sin2θ

=
1 − 2cos2θ − 1( )

2sinθ cosθ

 
=

2 − 2cos2θ
2sinθ cosθ  

=
2(1 − cos2θ)
2sinθ cosθ

 
=

2sin2θ
2sinθ cosθ  

=
sinθ
cosθ

 = tanθ



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasHalf-Angle Formulas
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tanθ =

sin2θ
1 + cos2θ

 

tanθ
2
=

sin2θ
2

1 + cos 2θ
2

=
sinθ

1 + cosθ

 
tanθ =

1 − cos2θ
sin2θ

 

tanθ
2
=

1 − cos 2θ
2

sin2θ
2

=
1 − cosθ

sinθ

tan θ
2

= sinθ
1 + cosθ tan θ

2
= 1 − cosθ

sinθ



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample

Find the exact value of cos105°.

  
cos105! = cos 210!

2

⎛

⎝
⎜

⎞

⎠
⎟

=− 1 + cos210!

2

 
= −

1 + − 3
2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2  
= −

1
2
−

3
4

cos210! = − 3
2

= − 2− 3
4

105° is in QII, 210° is in QIII
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5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample

Find the exact value of cos215° - sin215°

  cos2 15! − sin2 15! = cos(2i15!)

  = cos30!

cos2α = cos2α – sin2α

 
=

3
2

30° is in QI

31/59



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample
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Verify:
 
tanθ

2
=

secθ
secθ cscθ + cscθ

 

secθ
secθ cscθ + cscθ

=

1
cosθ

1
cosθ sinθ

+ 1
sinθ  

=

1
cosθ

1
cosθ sinθ

+ 1
sinθ

•
cosθ sinθ
cosθ sinθ

 
=

sinθ
1 + cosθ  

= tanθ
2



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample

Verify:   sin4x = 4sinx cos3 x − 4sin3 x cos x

  sin4x = sin2(2x)   = 2sin2x cos2x

  = 2(2sinx cos x)(cos2 x − sin2 x)

  = (4sinx cos x)(cos2 x − sin2 x)

  = (4sinx cos x)(cos2 x) − (4sinx cos x)(sin2 x)

  = (4sinx cos3 x) − (4sin3 x cos x)
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5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample
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Verify:  cos3x = 4cos3 x − 3cos x

  cos3x = cos(2x + x)   = cos2x cos x − sin2x sinx

  = (cos2 x − sin2 x)cos x − (2sinx cos x) sinx

  = cos3 x − sin2 x cos x − 2sin2 x cos x

  = cos3 x − 3sin2 x cos x

  = cos3 x − 3(1 − cos2 x)cos x

  = cos3 x − 3(cos x − cos3 x)

  = cos3 x − 3cos x + 3cos3 x

  = 4cos3 x − 3cos x



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample
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Find the exact value of

 

2tanπ
8

1 − tan2 π
8

 

2tanπ
8

1 − tan2 π
8

= tan2 π
8

⎛

⎝
⎜

⎞

⎠
⎟

 
tan2α =

2 tanα
1− tan2 α

 
= tan π

4

⎛

⎝
⎜

⎞

⎠
⎟  = 1



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample
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Find the exact value of
 
cos 5π

8

 

cos 5π
8

= cos

5π
4
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 

= −
1 + cos 5π

4
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 

= −
1 + − 2

2
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

 
= −

1
2
−

2
4

is in QII
5π
8



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasExample
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Find the exact value of sin75°

  
sin75! = sin 150!

2   
=

1 − cos150!

2

75° is in QI

 
=

1 − − 3
2

2  
= −

1
2
+

3
4



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasSolve
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• Solve                            on [0, 2π).2sin2 x
2
= cosx

2sin2 x
2

⎛
⎝⎜

⎞
⎠⎟ − cosx = 0

2 sin x
2

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
2

− cosx = 0

2 ± 1− cosx
2

⎛
⎝⎜

⎞
⎠⎟

2

− cosx = 0

2 1− cosx
2

⎛
⎝⎜

⎞
⎠⎟ − cosx = 0

1− cosx − cosx = 0
1− 2cosx = 0

cosx = 1
2

x = π
3

x = 5π
3



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasProduct to Sum Formulae
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Verify 
 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
=

1
2

cosα cosβ + sinα sinβ − cosα cosβ + sinα sinβ⎡
⎣

⎤
⎦

 
=

1
2

(cosα cosβ + sinα sinβ) − (cosα cosβ − sinα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2sinα sinβ⎡
⎣

⎤
⎦

 = sinα sinβ



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasProduct to Sum Formulae
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cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

 
=

1
2

cosα cosβ + sinα sinβ + cosα cosβ − sinα sinβ⎡
⎣

⎤
⎦

 
=

1
2

(cosα cosβ + sinα sinβ) + (cosα cosβ − sinα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2cosα cosβ⎡
⎣

⎤
⎦

 = cosα cosβ

Verify 
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and Half-Angle FormulasProduct to Sum Formulae
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sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

 
=

1
2

(sinα cosβ + cosα sinβ) + (sinα cosβ − cosα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2sinα cosβ⎡
⎣

⎤
⎦

 = sinα cosβ

Verify 



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasProduct to Sum Formulae
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cosα sin β =

1
2

sin(α + β) − sin(α − β)⎡
⎣

⎤
⎦

 
=

1
2

(sinα cosβ + cosα sinβ) − (sinα cosβ − cosα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2cosα sinβ⎡
⎣

⎤
⎦

 = cosα sinβ

Verify 
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and Half-Angle FormulasThe Product to Sum Formulae
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sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

 
cosα sin β =

1
2

sin(α + β) − sin(α − β)⎡
⎣

⎤
⎦

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasUsing the Product-to-Sum Formulas
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Express the product as a sum or difference:   sin5x sin2x

  
sin5x sin2x =

1
2

cos(5x − 2x) − cos(5x + 2x)⎡
⎣

⎤
⎦

  
=

1
2

cos3x − cos7x⎡
⎣

⎤
⎦

 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasUsing the Product-to-Sum Formulas
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  cos7x cos x

  
cos7x cos x =

1
2

cos(7x − x) + cos(7x + x)⎡
⎣

⎤
⎦

  
=

1
2

cos6x + cos8x⎡
⎣

⎤
⎦

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

Express the product as a sum or difference:



5.5  Double-Angle, Power-Reducing, 
and Half-Angle FormulasSum to Product Formulae

46/59

Verify 
 
sinα + sin β = 2 sin α + β

2
cos α − β

2

 = sinα + sinβ

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

 
2sinα + β

2
cosα − β

2
= 2 •

1
2

sin α + β
2

+
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin α + β

2
−
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
= sin 2α

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin 2β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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Verify 
 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 = sinα − sinβ

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

 
2sinα − β

2
cosα + β

2
= 2 •

1
2

sin α − β
2

+
α + β

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin α − β

2
−
α + β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
= sin 2α

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin −

2β
2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥  
= sin α( ) + sin −β( )⎡
⎣⎢

⎤
⎦⎥
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Verify 
 
cosα + cos β = 2 cos α + β

2
cos α − β

2

 = cosα + cosβ

 
2cosα + β

2
cosα − β

2
= 2 •

1
2

cos α + β
2

−
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟ + cos α + β

2
+
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= cos 2β
2

⎛

⎝
⎜

⎞

⎠
⎟ + cos

2α
2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦
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Verify 
 
cosα − cos β = −2 sin α + β

2
sin α − β

2

 = cosα − cosβ

 
−2sinα + β

2
sinα − β

2
= −2 •

1
2

cos α + β
2

−
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟ − cos α + β

2
+
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
= −1 cos 2β

2

⎛

⎝
⎜

⎞

⎠
⎟ − cos 2α

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
= −1 cos β( ) − cos α( )⎡

⎣⎢
⎤
⎦⎥
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sinα + sin β = 2 sin α + β

2
cos α − β

2

 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

 
cosα − cos β = −2 sin α + β

2
sin α − β

2
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sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

 
cosα sin β =

1
2

sin(α + β) − sin(α − β)⎡
⎣

⎤
⎦

 
sinα + sin β = 2 sin α + β

2
cos α − β

2

 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

 
cosα − cos β = −2 sin α + β

2
sin α − β

2

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

Product to Sum Sum to Product
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  sin7x + sin3x

  
sin7x + sin3x = 2sin 7x + 3x

2
cos 7x − 3x

2

 
sinα + sin β = 2 sin α + β

2
cos α − β

2

  = 2sin5x cos2x

Express the sum as a product: 
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  cos3x + cos2x

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

  
cos3x + cos2x = 2cos 3x + 2x

2
cos 3x − 2x

2

  
= 2cos 5x

2
cos x

2

Express the sum as a product: 
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  sin2x cos3x

  
sin2x cos3x =

1
2

sin(2x + 3x) + sin(2x − 3x)⎡
⎣

⎤
⎦

  
=

1
2

sin5x + sin(−x)⎡
⎣

⎤
⎦

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

  
=

1
2

sin5x − sinx⎡
⎣

⎤
⎦

Express the product as a sum or difference: 
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  2sin74! cos114!

  
2sin74! cos114! = 2 •

1
2

sin(74 + 114)! + sin(74 − 114)!⎡
⎣

⎤
⎦

  
= 1 sin188! + sin(−40!)⎡

⎣
⎤
⎦

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

  = sin188! − sin40!

Express the product as a sum or difference: 
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Verify:
  
tanx =

sin3x − sinx
cos3x + cos x

 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

  

sin3x − sinx
cos3x + cos x

=
2sin 3x − x

2
cos 3x + x

2

2cos 3x + x
2

cos 3x − x
2   

=
2sin2x

2
cos 4x

2

2cos 4x
2

cos 2x
2

  
=

2sinx cos2x
2cos2x cos x

  = tanx
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Find the exact value of sin 195° - sin 105°.

sinα − sin β = 2 sin α − β
2

cos α + β
2

sin195! − sin105! = 2 cos 195 +105
2

⎛
⎝⎜

⎞
⎠⎟
!
sin 195 −105

2
⎛
⎝⎜

⎞
⎠⎟
!⎡

⎣
⎢

⎤

⎦
⎥

= 2 cos 150( )! sin 45( )!⎡⎣ ⎤⎦

= 2 − 3
2

• 2
2

⎡

⎣
⎢

⎤

⎦
⎥ = − 6

2
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Verify
sin7x − sin5x
cos7x − cos5x

= −cot6x

sin7x − sin5x
cos7x − cos5x

=
2cos 7x + 5x

2
⎛
⎝⎜

⎞
⎠⎟ sin

7x − 5x
2

⎛
⎝⎜

⎞
⎠⎟

−2sin 7x + 5x
2

⎛
⎝⎜

⎞
⎠⎟ sin

7x − 5x
2

⎛
⎝⎜

⎞
⎠⎟

sinα − sin β = 2 sin α − β
2

cos α + β
2

cosα − cos β = −2 sin α + β
2

sin α − β
2

=
cos 6x( )
−sin 6x( ) = −cot6x
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• Solve cos 3x + cos x = 0 on [0, 2π)
cos3x + cosx = 0

2 cos 3x + x
2

⎛
⎝⎜

⎞
⎠⎟ cos

3x − x
2

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
= 0

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

2 cos 2x( )cos x( )( ) = 0
cos 2x( ) = 0

2x = π
2

2x = 3π
2

x = π
4

x = 3π
4

cos x( ) = 0
x = π

2
x = 3π

2

2x = 5π
2

x = 5π
4

2x = 7π
2

x = 7π
4

x = π
4
,π
2
,3π
4
,5π
4
,3π
2
,7π
4


