Chapter 6

6.3 Vectors
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Chapter 6.3

Objectives:

Use and fo show vectors are equal.
Uisualize‘c laz(nultipl' ation, vector addition, and vector
~subtractiofy as/i£eometric vectors:
~ Nﬁm tors ecfangular coordinate system.
~ Perfo ations with vectors in terms of i and
Find the unif.vector in the direction of

Write a vector iyt Its and
Solve applied proxems IhvovIng vectors.
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Objective: Write the component forms of
UeCtors vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

~¢ Quanftities that involve both a magnitude and a direction are called vector quantities,
or vectors for short.

< Quanftities that involve magnitude, but no direction, are called scalar quantities, or
scalars for short.




] I + Write th f f
Directed Line Segments s i tui vector oreratons. wit
[ binations of uni :
and Geometric Vectors and find th direction aneles o vectors.
A line segment to which a direction has been assigned is called a directed line segment.
We call P the initial point and @ the terminal point. We denofe this directed line segment
by P Q.

Terminal

Q : The magnitude of the directed line
Point

segment P Q is its length. We
denote this by ”}5 :

Pal

P
. e g0
Initial
Point
Geometrically, a vector is a directed line segment.




Standard Position

~¢ A vector is considered in “standard position™ when the initial point is located at the origin
oh the coordinate plane.

(X2, ¥2)

(X1, Y1)

4

(X2-X1, Y2-91)

(vi, v2)

v A (vy, va)

(0, 0)

A vector v in standard position, with terminal point
V1, V2> can be represented in component form as

V= Vi, V2).

Since the notation ¢ and ) are a pain fo use, [ will
often use ( ).

A vector w NOT in standard position, with initial
point (X1, Y1) and terminal point (X2, ¥2) can be

represented in comeonent form as ...

W = (X2-K1, Y2-Y1) = (AR, AY).



Maghnitude

< The magnitude of a vector v = (vi, v2) in standard posifion Is:

il .2 4,2
(J_\/v]w2

~ The magnitude of a vector w = (Xz-X1, ¥2-¥1) not in standard position is:

S

2 2
W :\](XZ_XI) +(y2_yl)

¢ You should recoghize these as nothing more than apelications of the
distance formula (or Pythagorean Theorem,.




. Oblective: k?rite tbhe component forms of
Representing Vectors Vectors as finear combinafions of it VeGtors,

and find the direction angles of vectors.

<« We can also denote vectors with a single letter, like w or v. You may also see w or v .
The magnitude of w or v will be “;;“ or |H| :

<« [n general, vectors w and v are eaual if they have the same magnitude and the same
direction. We write this v = w.

same magnifude  same magnitude  different magnitude  different magnit
and direction different direction same direction different directi




Objective: Write the component forms of
com ponent F orm vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

4 e N
Component Form of a Vector

The component form of the vector with initial point P = (p,, p,) and termi-
nal point Q = (q,,q,) is given by

PO =g, = P1»q, — P2) = (v, V) = V.
The magnitude (or length) of v 1s given by
Ivll = Vg, = p)* + (g, — p)* = V/vi+ v

If |v|| = 1, v is a unit vector. Moreover,
vector ().

v|| = 0if and only if v is the zero




Objective: Write the component forms of

1 vectors, perform basic vector operations, write
ShOWI02 that TWO UeCtors are Equal vectors as linear combinations of unit vectors,

< Show that y=w

and find the direction angles of vectors.

Eaual vectors have the same maghitude and the same direction.
Use the distance formula to show that y and v have the same maghitude.

(-2, 6)

-5, 2)

(5,6)

(2,2)

0= (-2--5) +(6-2)°

3 +(4) =25 =5

0= (5-2)° +(6-2)°




Objective: Write the component forms of
1 vectors, perform basic vector operations, write
ShOWlng that TWO UGCtors are Equa' vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

~« Show that gy =w

Eaual vectors have the same maghitude and the same direction.
Use the slope formula to show that v and v have the same direction.

U 7, 6-2 4
ol=3 li=> T=3-5"3
(-2, 6) (5, 6) 62 4
U v V. 5-2 3
-5, 2) (2,2) ~«Since y and v have the same
| ’ ~ maghnitude and direction, u = w




Objective: Write the component forms of
1 vectors, perform basic vector operations, write
ShOWI02 that TWO UeCtors are Equal vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

~« Show that gy =w

Eaual vectors have the same maghitude and the same direction.
Use the distance formula to show that y and v have the same maghitude.

[0]|= /(-2 —4)% + (-1-—4)°

(2. 3) _
’ Ui=+13
/ _J22:32 - 13
("29 'I)

(0, 0) ||(7||=\/(2—0)2 (3_0)2
. Ui|=i3

(-4, 4) = V2232 = i3




Objective: Write the component forms of
1 vectors, perform basic vector operations, write
Show'ng that TWO UGCtors are Equa' vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

~« Show that gy =w

Eaual vectors have the same maghitude and the same direction.
Use the slope formula to show that v and v have the same direction.

-4 3
M= 3472
2.0 3
M=3_0"2

~« Since 1 and v have the same
maghitude and direction, u = w.




L. . Oblective: Write the component forms of
vectors, perform basic vector operations, write
Scalar Mt"tlpllcat.on vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

~¢ The multirlication of a real number & and a vector v is called scalar multirlication.
We write this product kv.

Multirlying a vector by any Multielying a vector by any

positive real number (except 1) /Y 0 t"::z?"e "::gfrtm

changes the magnitude of the 20 recti .
Ly

vector but not its direction.

< The vector kv is called a scalar multirle of the vector v. The direction and
maghitude of kv are:

Magnitude: = klvi, v2) = (kui, kvz)  Direction: [f k < 0, opposite direction of v,
= | k|||(7 [f k > 0, same direction of v




. e Objective: Write the component forms of
UQCtOr addltlon vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

< To add vectors, simply add the components.
~« [fu="(ui,uz) and w = (wi, w2) then u + w = (U1 + Wi, U2 + W2)

¢ To subtract vqctors, as has always been the case with subtraction, simply
add the oppoSIte. ¢\ 2 b) then -w = -1w = (=, =b)

~« [fu=wi,u)andw=<wi, wz)
then U-=w =0 + -W = W1+ -W1, U2+ -W2) = U1 = Wi, U2— W2).

0+ W= Wi+ Wi, U2 + W2
U=W= =W, U2=W2)

kv = kv, v2) = o, v = |"|||6||




The Sum of Two Vectors

< The sum of 1 and v, denoted u + v is called the resultant vector. A geometric method
(nose to tail or friangle method) for adding two vectors is shown in the figure. Here is
how we find this vector:

~¢ Position u and v, so that the terminal point (nose)
of u coincides with the initial point of v (tail).

< The resultant vector, u + v, extends from the
initial point of y to the terminal point of v.




The Difference of TWO Objective: Write the component forms of
vectors, perform basic vector operations, write
Uectors vectors as linear combinations of unit vectors,
and find the direction angles of vectors.
The difference of two vectors, v - u, is defined as v-u=v + (— u), where — u is the scalar
multirlication of y and -1, -1u. The difference v - u is shown geomeftrically in the figure.




Obiective: Write the component forms of
vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

Vector Operations

Definitions of Vector Addition and Scalar Multiplication

Letu = (u,, u,) and v = (v, v,) be vectors and let k be a scalar (a real
number). Then the sum of u and v 1s the vector

u-+v=-_u +v,u + v, Sum
and the scalar multiple of k times u 1s the vector

ka = k{u,, u,) = (ku,, ku.). Scalar multiple




. Oblective: Write tbhe component forms of
tors, perf ' f tions, writ
Uector Operations e e

and find the direction angles of vectors.

« Letu=<¢5,2)andv = b, -3)

, Keep in mind we are using vector
Find4u =45, 2) =20, 8 component hotation.

Findu+v =546, 2+3 =,-D

Find 2u-v =2¢-5, 2)-6,-3) =10, 4—6,-3) =<(-10-6, 4=3) =(-16, ()




. . . Oblective: Write the component forms of
vectors, perform basic vector operations, write
The l and J Un.t UeCtors vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

~« ectors can be represented using vectors positioned and identified along the axes of
the coordinate plane.

¥ A vector | unit in length along the positive x-axis is called Vector i.
< A vector | unit in length along the positive y-axis is called Vector j.

Uector i and Yector j are unif vectors.




. [ : Write th
representing Vectors I s i bricvecror overations. writ
ReCta DQUIaI' Coordin ate s vectors as linear combinations of unit vectors,

and find the direction angles of vectors.
~ We can how represent vector u as a sum of scalar multirles of i and J.
u=<@,b =@0 +®@b =adld0 +b0,1 =ai=+bj

a and b are scalar components of w. u=<@,b =ai+bl
al + bl is a linear combination of iand j.

a is the horizontal
component of u.

. | / 2 2
bis the vertical ‘ o [lf|=va®+2
component of . | , «

h'-——r_’.—x




[ I s Write th f f
Representing Vectors in . vt oo un
ReCta ng(‘"ar coordin ate s vectors as linear combinations of unit vectors,

and find the direction angles of vectors.
%Ske’rch the vector v = 3i - 3j and find its magnitude.




Representing Vectors in
Rectangular Coordinates

Oblective: Write the component forms of
vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

< We can turn this around by representing vector U with initial point Py(x1,.v1)

and terminal point Pa(x2,v2) as:

V= (%= i + (Y9 )i

<« When subtracting, order is important. Be sure to subtract the initial point

coordinates from the terminal point coordinates.




[ | s Write th f i
Representing Vectors In s i baci vector overations. writ
ReCta ng("lar Coordin ate s vectors as linear combinations of unit vectors,

and find the direction angles of vectors.
<« Let v be the vector from initial point P, = (=1, 3) to terminal point P, = (2, 7).
Write v in terms of i and j.

A

V= (2=l + (YW d)

V=_(2-1)i + (7-3))

V=3 +4)




Adding and Subtracting
Vectors in Terms of | and )

If v=aii+ b and w = azi + b2 then:

U+ W= (a; +az)i + (b + b2l
V=w=(a;=az)i + (b1 =0b2)j

Oblective: Write the component forms of
vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

~« When subfracting, order is important. Be sure to subtract the initial point

coordinates from the terminal point coordinates.




Obiective: Write the component forms of
vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

Adding and Subftracting
Vectors in Terms of | and )

[fv=C+3)andw=4i-5), findthev +w,and v - w:

V+ W= (a; +azi+ (b + b2l V=w=(a;=azi + (b1 =b2)j

V+WwW=(7+4)i + (3 +-5)) V-w=(7-4)i+(3--5))

v+w=11i+-2) V-w =3I + 8)




@ @ @ @ : . h f f
Scalar Multiplication With @ e e e oo ovoration. urit
Uector in Terms of | and J oo 3 inear combinations of unf vectors.
¥ [f y=ai+ bj, and kis a real number, then the scalar multiplication of vector v and

scalar kis:
kv = kai + kb) |

If v=7i + 10j, find each of the following vectors:

a. 8v b. -5v
kv = kai + kbj kv = kai + kb)
8y = &7 + 8°10j -5V = =507 + -5010j

8v = 56i + 80) -5v = -351 - 50)




Objective: Write the component forms of
The Zero UeCtor vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

¥ [f vy = ai + bj, and the magnitude of v is 0, then v is the zero vector, 0.

The zero vector has no direction and can be written 0 = 0i + 0i.




Oblective: Write the component forms of
o T ectors, perform basic vector operations, wrife
PrOper“es Of UeCtor addlﬂon :ectors as linear combinations of unit vectors,

and find the direction angles of vectors.

~ Vector Addition Properties

If u, v, ware vectors, and k and [ are scalars, then:

l. 0+VY=V+0 Commutative Property of addition.

2. (u+v)+w=u+(v+w) Associative Property of addition.

3. 0+0=0 Additive [dentity
4. u+-0=0 Additive [nverse




' Oblective: Write th t forms of
Propertles Of scalar vectegrs?eperfg:':) baesfco\%%?gs gpe?'g?;gn%, write
Muu'iplication vectors as linear combinations of unit vectors,

and find the direction angles of vectors.
~ Scalar Multirlication Properties
If u, v, ware vectors, and k and [ are scalars, then:

1. kel =kllu)=Cklou  Associative Property of multiplication.

2. klu+v) = keu+ ey Distributive Property

3. (& + Du = kev+ low) Distributive Property
4. 1u =0 Multirlicative [dentity
5. 0u=0 Multiplication Property of 0

6. |[ku||= A Scalar Magnitude Multiplication




. . Oblective: Write the component forms of
Finding the Unit Vector that Has the Same vectors\,' perfo:’m basic vector operations, write

Direction as a Given Nonzero Vector v vectors as linear combinations of unit vectors,

and find the direction angles of vectors.

¥ To find the unit vector u, with the same direction of vector v = (vi,vzJ), but length 1,
simply divide vector v by its magnitude.

_V _

M

(v,,v)— (v.i+v,))

||V||

1 is the unit vector with the same direction as vector v.




Oblective: Write the component forms of
vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

Finding a Unit Vector

¢ Find the unit vector in the same direction as v = 4i - 3). Then verify that the vector
has magnitude 1.

W||=4? +(-3)? = /25 =5

4i—3i_1(4l._3j) _4. 3. s the unit vector with the same
B 5

5 5 55

5 direction as vector v.

16 9 (25
25 25 \25

I
v D
—
1| W
| .

]
—
7\

| N
N
[\
_I_
7~ N\
|
""‘w
N S
1\
[
-




Oblective: Write the component forms of
vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

Direction Angle

¥ Letv="(a, b)=ai+ b be anonh-zero vector in standard position. We can represent v in
tferms of maghnitude and direction angle.

~¢ Further, let us stipulate that 0 is a positive angle in standard position with
ferminal side af v.

The vector v = ai + b) can be represented as:

vV =|lv||coséi +|v||sineJ

fan = 2

d




Direction Angle

¢ Find the direction angle for

v=2i-J

Oblective: Write the component forms of
vectors, perform basic vector operations, write
vectors as linear combinations of unit vectors,
and find the direction angles of vectors.

1 B
fane == tan"flz 0

fan" ‘7' _ _26.5651"

We know we are in Quadrant [V and direction angles are > 0;

6 =360"—26.5651" = 333.4349




Application

¢ The Jet stream is blowing at 60 miles per hour in the direction N45°E. EXpress its
velocity as a vector v in terms of i and j.

Maghitude: 60 miles per hour

Direction: N45°E

vV =|\v||cosei +|\v||sin6J

v=60cos45°/ +60sin45°J
[ ) [ [
Q [ +60 Q
2 ) 2,

V=60 j =302/ +302J




) <@

Applications

< Vectors can be used to represent many attributes of the physical world. An airrlane
flving with a headwind (or tailwind) is the result of two force vectors, the force of the
plane’s engines, and the force of the wind. A sailboat tacking into the wind is working
with two forces, the wind, and the resistance of the water. (f you are holding your books

Ih your backprack there are also two forces working, gravity and vour back muscles.
These are examples of force vectors.

< The net result of the two forces working is eaual to a single force that is the

sum of the two force vectors. If the forces reach eauilibrium (ain’t nuthin’
movin’) the result is the zero vector.




B

examele: aeplication

¥ Two forces, F, and F,, of magnitude 30 and 60 pounds, respectively, act on an object.
The direction of F; is N10°E and the direction of F, is N60°E. Find the magnitude, to the

hearest huhdredth of a pound, and the direction angle, to the nearest tenth of a degree,
of the resultant force.
vV =|v||coséi +|v||sineJ

F] =30c0s80°/ + 30sin80°J
FI = 30(.] 736)i + 30(.9848)/’
F] =5.2094/ + 29.5442j

F‘2 = 60c0s30°/ +60sin30°J
F2 — 60(.8660)i + 60(.5)/’

F, = 51.9615/ + 30/




Example: Application

<« Two forces, F, and F,, of magnitude 30 and 60 pounds, respectively, act on an object.
The direction of F, is N10°E and the direction of F, is N60°E. Find the magnitude, fo the

nearest hundredth of a pound, and the direction angle, to the nearest tenth of a degree,
of the resultant force.

F, = 5.2094i + 29.5442)
F, = 60(.8660)/ +60(.5)J

(a,b)

F= F| + Fz
=5.2094/ + 29.5442J + 51.9615/ + 30/
-~ (5.2094 +51.9615)/ +(29.5442 + 30) J

=57.1709/ + 59.5442)




Example: Application

<« Two forces, F, and F,, of magnitude 30 and 60 pounds, respectively, act on an object.
The direction of F, is N10°E and the direction of F, is N60°E. Find the magnitude, fo the

nearest hundredth of a pound, and the direction angle, to the nearest tenth of a degree,
of the resultant force.

(a,b) F =57.1709/ +59.5442

|F||=/57.1709° + 59.5442?

F||= 82.5471

11595442

fan- = 1700 ~ OF

0, ~46.1157°




B

examele: Aeplication

¥ Two forces, F, and F,, of magnitude 30 and 60 pounds, respectively, act on an object.
The direction of F; is N10°E and the direction of F, is N60°E. Find the magnitude, to the

nearest hundredth of a pound, and the direction angle, to the nearest tenth of a degree,
of the resultant force.

F =50.1709/ +59.5442/J

( (a,D0)
|F||=82.5471
0, ~46.1157°
F =57.1709/ + 59.5442j
'F, |
/ The combined forces F, and F, are
0 - 46.1157° equivalent to a single force, F, with
F ‘ maghitude 82.84¢1 applied at an
- approximate angle of 46.115¢°.




Application

~ A piano weighing 500 Ib is being pushed up a rame into the back of a truck. The rame is a
board that can supprort 450 [b and makes a 30° angle with the horizontal. Will the ramp
support the riano?

The Key here is that the maximum caracity of the rame refers to perrendicular to the rame.
The 500 Ib rpiano is being pushed at 30° and that force is perrendicular to the ground.

We want to find the component force, v,
perrendicular to the rame.

Beware
of
falling
PIanos

v||=500c0s30° = 433.0127

No problem, the rame will hold as [ong as the
person pPushing weighs less than 17 pounds.




Application

< A plane leaving Seattle sets a bearing of S 60° E at 600 mph, but there is a wind blowing
In the direction N 45° E at 80 mph. What is the resultant speed and direction of the plane?
[f vou get this wrong you may end up inh Chicago instead of Miami.

Let the plane vector be p = 600c0s330°1 + 600sin330°)

Let the air vector be a = 80cos45° + 80sin45°)

The resultant vector will be the sum of p + a

| | | (J3). (1),
P =600c0s330°/ +600sin330°j =600 — |/ +600| —— |J
2 . 2
(J2). (J2).
a=80cos45°/ + 80sin45°j =80 £ [+ 80 £ J
2 2




) <@

Application

< A plane leaving Seattle has set a bearing of S 60° E at 600 mph, but there is a wind
blowing in the direction of N 45° E at 80 mprh. What is the resultant speed and direction of
the plane? (f you get this wrong you may end up ih Chicago instead of Miami.

( A / \ ( \. ( A .

p =600 V3 i+600(_L]; a =80 g i +80 g J

N 2 y . 2 Ny \ ®
—300+/3/ — 300/ — 40/2i + 40/2J

P+a =3003i—300/+402i +40/2J

—300+/3/ + 402/ + 40/2Jj — 300,
_ (3ooﬁ + 402 )i + (40J§ _ 300)1




Application

< A plane leaving Seattle has set a bearing of S 60° E at 600 mph, but there is a wind
blowing in the direction of N 45° E at 80 mprh. What is the resultant speed and direction of
the plane? (f you get this wrong you may end up ih Chicago instead of Miami.

P+a =(3ooﬁ+4oﬁ)i+(4w§—3oo)j

~(576.1838)/ +(—243.4315)J

Speed =|(576.1838)/ +(-243.4315).|

- /(576.1838)" + (—243.4315)’

~625.4971 mph




) <@

Application

< A plane leaving Seattle has set a bearing of S 60° E at 600 mph, but there is a wind
blowing in the direction of N 45° E at 80 mprh. What is the resultant speed and direction of
the plane? (f you get this wrong you may end up ih Chicago instead of Miami.

P+a ~(516.1838)i +(-243.4315)J

direction tane = —e434315 fan! 2434315 _

5¢6.1838 576.1838

0 ~-22.9036° =337.0965° OR S67.0965° E




Application

~ We can show this geometrically
0 ~-22.9036° = 337.0965° OR S67.0965°E

Speed =~ 625.4971 mph

P+a ~(576.1838) +(-243.4315)

600 mph
P =3003/ - 300,

a =402/ +402J
80 mph

You can verify your results using the l[aws of sines and cosines.




