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A complex number 2 = a + bi is represented as a point (a, b) in a coordinate plane.
The horizontal axis of the coordinate plane is called the real axis. The vertical
axis is the imaginary axis. This coordinate system is called the complex plane.

I

a + bi
When we represent a complex number as
a point in the complex plane, we say that 5
we are plotting the complex number. z
I DR R L Iy
a
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Evample: Plotting (Complex Numbers

Plot the complex number in the complex plane: z = 2 + 3i

Z =2 + 3i

Q

b

2, real component

3, imaginary component
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Evample: Plotting (Complex Numbers

Plot the complex number in the complex plane: z = -3 - bi

Z=-3 + -Hi

Q

b

-3, real component

-5, imaginary component
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Evample: Plotting (Compler Numbers

Plot the complex number in the complex plane: z = -4

z=-4+0i

Q

b

-4, real component

O, imaginary component

g150



Evample: Plotting (Complex Numbers

Plot the complex number in the complex plane: z = -i

z =0+ -1i

Q

b

O, real component

-1, imaginary component

9150



The Absolute Yalue of a Complex Wumben wanbers in trigonometric form aud find

The absolute value of the complex number z = @ + bi is the distance from the
origin o the point z in the complex plane.

The absolute value of the complex number a + bi is

|2'|=lc|+bi|=\/¢|2+b2 2 Al

10|50



Evample: Finding the /Hsolute Yalue of a Comples
Number

Determine the absolute value of the following complex number:
z=5+12i

|z | =|a+bi| =Va® + b?

lz]| =15

12/ | = /52

12°

~ 25 + 144

_ J169 =13

|z|=]15+12i]| =13

n|so



Evample: Finding the /Hsolute Yalue of a Comples
Number

Determine the absolute value of the following complex number:

z =2 - 3i

Iz|=|a+bi|=\/az+bz

lz] =12

3j | = 22

(-3)°

:J4+9

- V13

|z|=|2-3i| =13

/50



Trigonometnic (Polar) Fom of a Complex NWumber wambers in trigonometric form and find

A complex number z = a + bi is said to be in rectangular form.

The expression z = r(cos® + isin®) is called the trigonometric or polar form
of a complex number. This is often shortened to r cis ©

Z = r(cose+ isine)

Where a = rcos® and b = rsin®, and

r =\/¢lz+b2 'l'an9=2,or0='l'¢m“£
a a

r is called the modulus of z, and

© (0<6+<2n) is called the argument of z.
15/50



Trigonometnic (Polar) Fovm of a Complex NWumber wambens in trigonometric fonm and find

Trigonometric Form of a Complex Number

The trigonometric form of the complex number z = a + bi 18
z = r(cos 0 + isin 6)

where a = rcos 0,b = rsin 0, r = Va* + b?, and tan 6 = b/a. The
number r 1s the modulus of z, and 6 1s called an argument of z.

14|50



The expression z = r{cos® + isin®) (or r cis O) can be easily derived from

a +
r/#

cose=g sm0=£
r r
a = rcos® b = rsin®.

a + bi = rcos® + irsin®

= r{cosO + isinB©)

Trigonometnic (Polar) Fom of a Complex NWumber wumbens in trigonametiic form and find

b

4
' 4
- — -

>

I

bi
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Evample: Whiting a Comples Wumdbern in Polan Fovm  wunbens in tigonsmetnic o and find

Plot the complex number in the complex plane, then write the number in polar form:

z=—1-i\/§
p = /a2+b2 tano =

5
a

p ! \f
2 3
r =\—12+(—\/g> fan 6 = _1 :\/g
7T 4
O = — — /4 =2 0 = — ,QLIT
K,j\ R o 3
72 ( )
& z=2 cos4ﬂ | isinﬁ z:2cis4—ﬂ
“1-iV3 .3 3 3

16/50



Evample: Whiting a Comples Wumdber in Polar Fovm  wanbers in tigosometic forn and find

Plot the complex number in the complex plane, then write the number in polar form:

zZ=3-2i
b
T r =va® + b% tme:;
2 2 '|'0n9=_—2 9=1'an_1_—2
6 =5.7 r=y3 +(—2) 3 3
—radians
T po= \/E 0 = 5.7 radians, QIV
— AZLB R
“9
e Z = \@(cos 5.7 + isin 5.7)
Z = \ﬁcis5.7

1750



Evample: Whiting a (Comples Wumdber in Polar Fonm  wunber: i tigonometric foun and find

Plot the complex number in the complex plane, then write the number in polar form:

z =—2+2i b
r =\/a2+bz tand =;
AI 2 2 2
r = -2 2 ‘TGHH :_:_1
V(-2 +(3 >
-2+ 2i 37 _
o fg\ = r = \6 0 = 37 radians, Ql/
\Z-B S‘ ’R 4
( 3 ] 37r\
Z=+8| cos -/ SIn—
. 4 4
Z = 8c1$3—7r
4

15150



Write the complex number in the rectangular form, then plot the number in the
complex plane:

Z = 3(cos 300° + i sin 300°)

Z2 = r(cosO + isinB) T

a = rcos® and b = rsin®

a= 3¢cos300°
a=3-1=§ 3 ( 3 3\.
2 2 Z = | /

b= 3sin300° M‘

19|50



Write the complex number in the rectangular form, then plot the number in the

complex plane:

2 = r(cosO + isinB)

Z = 4(cos 30° + i sin 30°)

a = rcos® and b = rsin®

a= 4cos30°

V3

a=4e—=2
2

b= 4sin30°

b=4el_7

2

V3

s

Z = 2\/§+2i

20|50



3;%. Whiting a Compley Number in Rectangular o < foums ol i

Write the complex number in the rectangular form, then plot the number in the
complex plane: 5. 5
Z =4|cos— + isin—
6 6
2 = r(cosO + isinB)
a = rcos® and b = rsin® =
a:4cos5?ﬂ b:4sin%r 23 + 2i 57
. 6
\/g b=4e 1 =2 ( 4 ~{\ R
a= 4e = —2\/5 - 2 -
2
Z= —2\/§+2i

&l|so



The Product of Two Comples Numbens in Polar Fonm — wuntens in tigousmetnic forn and find

Let 21 = ri(cosB; + isin®;) and let 22 = ra(cosB: + isin®2).

The product is: | Z,«Z, = * 1 [cos (01 T 92) +sin (0‘ i 02)]

Multiply the moduli and add the arguments.

ge/50



The Product of Twe Comples Numbens in Polar Fovm — cuntens in tigonamenric foun and find

Let 21 = ri(cosB; + isin®;) and let 22 = ra(cosO: + isind3).

Z1°Z2 = ri[cos O1 + isin ©1] * rz[cos B2 + isin O3]
Z1°Z2 = ri*rz2 [cos O1 + isin ©1][cos 62 + isin O2]

= ri'rz [cos ©1 cos B2 + icos O18in B2 + i1sin ©1cos B2 + i2sin B1sin 67]

rierz [cos B1 cos O2 + i2sin B1sin B2 + icos B1sin B2 + isin B1cos 6;]

rierz [cos ©1 cos Oz - sin B1sin B2 + i(cos B1sin B2 + sin O1cos 62)]

Z 2, =6 " [cos(el + 02) + isiﬂ(el + 02)]

25150



Example: The Prodct of Two Gomple: menyloninbmpagoym

Find the product of the complex numbers. Write the answer in polar form and
rectangular form.

Z, = 6(cos40" +isin40°)  z,=5(cos20" + isin20°)
21°22 = r1°rz[cos(01+82) + isin (61+62)]
z.z,=695[(cos40° +20°) + isin40° + 20°)]
z,z,=30(cos60" +/sin60")

Change to rectangular form

_ 15+ 1513

( )
z.Zz.=30 1:/'\/2g

172
2 )

2450



Eoumple: The Prodctof Too Gompler 20 T80

Find the product of the complex numbers. Write the answer in polar form and
rectangular form.
z, = 8(cos120° +isin120°) z,= 6(cos150" + /sin150")

21°22 = r1°rz[cos(01+82) + isin (01+62)]
z,z,=8¢6[(cos120° +150°) +/sin(120° + 150°)]
z,z,=48(cos270" +/sin270°)

Change to rectangular form
7,2,=48(0+i(-1)| =48/

2550



The Luctient of “Two Complex Numbens in Polar Jovm  wunlew in trigonometric forn and find

Let 21 = ri(cosO; + isin®;) and let z2 = ra(cosO; + isindz).

The quotient is: i iI:(:os (9 -0 )+ isin(G -0 )]
zz "2 1 2 1 2

Divide the moduli and subtract the arguments.

2650



The Zuotient of Two Compley Numbens in Polar Fovm  cunlens in tigonsmetric foun and find

Let 21 = ri(cosO; + isin®;) and let 22 = ra(cosO; + isindy).

ﬁ r (cos 91 + 1Sin 91)

COS 91 + 71 Ssin 91) (cos 92 — / sin 92)
z, (cos 92 + / sin 92)

d
r, (cos 92 + 71 sin 92)(cos 92 — J sin 92)

r (cos 91 CcoS 92 — 1 COS 91 sin 92 + 1 sin 91 coS 92 — i% sin Hl sin 92)

2 2 _° 2
r, (cos 92 — 1€ sin 62)

r (cos 91 CcoS 92 + 7 sin 91 CcoS 92 — 1 COS 91 sin 92 + sin 91 sin 02)

2 o 2
r, (cos 92 + sin 92)

r (cos 6, cos6, + sin6, sin6, + i(sin 6, cos 6, — cos 6, sin 92)

rZ
r ..
= :cos (91 — 92) + lsm(é?1 — 92)

2 27150



Dnoduct and 2uotient W&wmwmwmw

Product and Quotient of Two Complex Numbers

Let z; = r/(cos 6, + isin 6,) and z, = r,(cos 6, + i sin #,) be complex
numbers.

2,2, = rr, cos(6, + 0,) + isin(6, + 6,)] Product

1 Q[COS(QI — 92) + isin(gl — 92)], Z, 7 0 Quotient

L N

2850



Find the quotient of the complex numbers. Leave the answer in polar form.

4r

z, = 50(cos

Z5

3

4

2
z, 50|
—= = —| cosS
z, 5 I
P (
—= =10/ cos
Z2 \

- i sin—)

3

Z5

(4ﬂ ﬂ\ . /4ﬂ n\
+ 7 sin
3 3 3 3/
)
3n | isin'?'—yr =10(cosn+isin7r)
3 3

T

= B(cos— +i

3

Oljestive: TNultiply and divide compler
The 2ustient of “Two Complex NWumbens in Polan Fovm  wuntens in tigonomenric fovn and find

i | = :—1[cos(91‘92) + isin (01-62)]

LT
sin —)

3

2950



Evample: Finding Luotients of (Complex

Nundberns in Polar Fonm

Find the quotient of the complex numbers. Leave the answer in polar form.

z, = 3(cos 45" + i sin45°)

z, = 2(cos135" +isin135’)

b 4 r;
1 4 r—l [COS(el‘eZ) + (sin (61‘92)]
2

Z5

NN‘N NN‘N NN ‘...N
1
NIW NDIW pw

:cos (45° _ 1350) + isin (45° _ 135"):

COS (—90") + 1 sin (—90°)

COS (2700)

i sin (2700)

50950



. 2. . Obseetive.: bly and diuide %
Evample: Finding Zustients of Compler Wethes ntitly an - %

Find the quotient of the complex numbers. Write the answer in polar form

and rectangular form.
z, = 8(cos120° +isin120°) z,= 6(cos150" + /sin150")

i :_1[“3(9,.32) + isin (61-62)]

2, R
Z, 8 .
—=—[(c0s120° —150°) + /sin(120° —150°)]
z, 6
Z
— = i(cos(—30)° - isin(—BO)o)
z, 3
a3 [(-1)) 23 (-2).
Change to rectangular form  z,z,= i — | |= | — |
302 (2)) 3 |3,

51|50



Power of a (Compler Number wambers in trigonometric o and find

2 2

Write a complex number raised to a power 2. (a - bi) = (r(cos¢9+ isin@))

Expanding (r(cose isine?))2 =r(cos@+isin6)-r(cos@+isine)

Z1°Z7 = r'1'r'2[COS(91"‘92) + |S|n (61"‘62)] — r'z (COS 29+ I°Sin29)

2

Now let's try cubing |(a b/')3:(r(cose isin@))3=(r(cose isin@)) (r(cose isine))
= r° (cos 20 + isinZH)(r(cos 0 + /'sine))

Z1°Z2 = rierz[cos(81+62) + isin (81+02)] = 2. r(cos(ZH + 49) + isin(ZH + 9))
=’ (cos 30 + isin39)

We could do this all day, but you should see the pattern emerging ...

5850



Powens of (Complex Numbens in Polar Fonm numbens én trigonometiic form and find

DeMoivre’'s Theorem

If z is a complex number in polar form (z = cos® + isin®) and n is a positive integer,
then:

2" = [r(cosO + isinB)]" = r(cos O + i sin nB)

Raise the moduli o the power and multiply the arguments by the power.

Note that the argument must be the same angle.

5550



De Mlocune o “Theonem mbens in tigonometiic foum and find

DeMoivre’s Theorem

If z = r(cos 6 + isin 0) is a complex number and n is a positive integer,
then

7' = [r(cos 6 + isin )]

=| r"(cos n@ + i sinn0).

54950



Srample: Dowers of Domples Numbers in Dolar Povm  winbers i igonsmetric foum and. find

Find [2(cos30° + i sin30°)]5. Worite the answer in rectangular form.

2" = [r(cosO + isin@)]" = r(cos nO + i sin nO)

[2(cos30° + i sin30°)]1° = 25(cos 5-30° + i sin 5-30°)
= 32(cos 150° + i sin 150°)

( )
\/25 | i1 :—16\/5+16i

\ 2/

= 32

5850



Find (

1
2

(

\

T

4

\
e o
COS—+ISIH—) :

4),

Evample: Finding the Power of a Comples Number — wunbers i tigonometric foun and find

Write the answer in rectangular form.

2" = [r(cosO® + isin@)]" = r(cos nO + i sin nO)

{(
e\

\
T T

CcosS — + I sin —

4 4,

-2

2_
(1\ ( n\ ..
— cos|2°*— |+ isin
2) 1 U 4
1_ T . . 7r_
— | cos — + i sin —
4| 2 2
1losil=0+1i
4 - 4

5650



Evample: Finding the Power of a Comples Numben — wunbews in tigonomernic fovn and find

5
Find (—2 3 - Zi) . Write the answer in rectanqgular form, a + bi.

First we need to change to polar form.

b 2
r = az +b2 tanf = — r = (_2 3) _|_(_2)2 — 4
a \
ftang = —2_ - L 4 E,QIII
203 3 6
5
s (( 7n .. 7n)
(_2 3 _2,') _ | 4| cos I Sin—
. L6 6 ),

5750



Evample: Finding the Power of a Comples Number — wunbers in trigonomernic o and find

2" = [r(cosO + isin@)]" = r(cos nO + i sin nO)

.

\

4

.

\

COS

I

6

- 771'\
I SIN —

6

\

Back to rectangular form: = 1024

COoS

. 6

= 512V3 - 512/

5850



An nth root of a number is the number that when raised to the nth power the result
IS our original number. That is:

If z» = a, then z is an nth root of a.

Let a(cosa + isina) be an nth root of r(cosO + isinB)

Then (a (cos o + 7 sin oc))n =r (cos 6 + 7 sin 9)

and a” (cos no. + 7 sin mx) =P (cos 0 + / sin 9)

n

=pr cosha =cosf sinno =sing
0+ ko,  COSine and sine are periodic

functions with period 2m

SO a

Finally a=1{r no =0+ Kk2r o =

n
5950



DeéMlocone o “Theonem for Finding (Compler Roots

If wis a complex number in polar form (w = cos® + isin®) then w has n distinct

nth roots given by:

(

Zk = Q/I_'[COS

\

0 + 2rk
n

) . (0+275k\
+ 1 SIN

n )i

\

n

( o
z = ('/;[cos M}_ / sin

(0 + 360k°\

. n )]

k=012, 3, ..., n-1

In other words, w has n roots spread evenly around the circle. For
square root w has two roots, for cube root w has 3 roots, etc.

4050



Finding Complex Roots wambers in trigonometnic forn and find

N

Definition of the nth Root of a Complex Number

The complex number u = a + bi 1s an nth root of the complex number z 1t

z=u"= (a + bi)~

Finding nth Roots of a Complex Number

For a positive integer n, the complex number z = r(cos 6 + i sin 6) has
exactly n distinct nth roots given by

+ 2 + 2
%(COSQTW]C + 1 s1n QTWk)

where Kk =0,1.2,. . ..n — 1.

ql/50




Evample: DiMione's Thomem fov Finding Compl 0958 11445 e il

Find all the complex cube roots of 8(cos210° + isin210°).
Write roots in polar form, with © in degrees.

o (0+360k°) . . (6+360k )]
Zk =\Nr|CcoS| —mM |+ I1Sih| ——mMmMM@@@
. n . n )]
o= (210° +360e0° (210° +3600° )| _r -
zZ = \/g CcoS + 7 sin =2|cos70" +isin70°
o\ 3 ) \ 3 ) - -
. (210°+360e1° (210° +360¢1° ) - .
zl — %/g COoS + / sin =2|¢cos190° + isin190°
N 3 ) \ 3 ) ] ]
- (210°+360e2° (210° +36002° )| _ T e mqpo
z - 38 | cos i sin = 2| cos310° + i sin 310
BN 3 ) \ 3 ) ] ]

4250



Objostive: Tlultiply and divide comples
Evample: Finding the Boots of a (Comples Number — wuntens in tigonometnic fonm and find

Find all the complex cube roots of 8(cos210° + isin210°).
Write roots in polar form, with © in degrees.

And, of course, we can convert to rectangular form

—2|cos70° +isin70°| = 2|.3420 + .9397i| = .6840 +1.8794/

— 2| cos190° + isin190° | = 2|-.9848 + —.1736/ | = —1.9696 — .3473i

— 2| cos310° +isin310° | = 2|.6427 + —.7660i | = 1.2856 — 1.5321;

45150



5mn¢le: 7W%ezmoj¢&n¢lexm nsmbens in trigonometiic form and find

These roots can be plotted on the imaginary plane, or on what we will soon call the
polar coordinate plane.

71/

2m/3

3r/d 1\2 mil4
=2 _COS 70° + i sin 700_ = .6840 +1.8794/ 5/ XT 7< >&n/6

/12

—

- 2| cos190° + isin190° | = —1.9696 — .3473i

13m/12

/6

- 2| cos310° +isin310° | = 1.2856 — 1.5321/ AN
: : ]

11/6

~ i
= —— Y
\
a

X
/X
—~]
>< 231/12
X
DY

/4

17m/12 197’[/12 |

4450



Evample: Finding the Foots of a Comples Numben — wanbers in tigonsmetnic fornn and find

Find all the complex fourth roots of w = -8 + 8i\/§
Write roots in polar form, with © in degrees.

First we must write o = -8 + 8iv3 in polar form.

b

r = a2 + b2 ‘ranH:;

- (8] +(8£)2 16 0T B_f =3

r =
\
0 =120

o = 16(cos120° + i sin120°)

45150



Q@W‘ e Naltiply and divide complex

Evample: Finding the Roots of a (Compler Wumber aimbens in trigonometnic form and find

Find all the complex fourth roots of w = -8 + 8i\/§

Write roots in polar form, with © in degrees.

COS

COS

/

\
(

@ = 16(cos 60° + 7/ sin60°)

(,/-[ f9+360k°] . (6+360k
Zk =\Nr|CcosS| —mM |+ I1Si| ——mMmMmMM@8@8@
. n . n )]
O\\ / O\
120° +(360-o) 120° +(360-o)
+ / sin =2
4 4
y, \ y,
( \

120° + (360 « 1)0\

4

y

+ 7/ sin

120 + (360 « 1)0
4

_cos 30° +isin30° )

_cos 120" +isin120° )

46150



COoS

COS

/

\
)

Find all the complex fourth roots of o = -8 + 8i\/§
Write roots in polar form, with © in degrees.

Q@W‘ e Naltiply and divide complex

Evample: Finding the Roots of a (Compler Wumber aimbens in trigonometnic form and find

120° + (360 « 2)0\

4

)
120° + (360 « 3)0\

4
J

( o
z = ('/;[cos m]+ / sin

\ n

(

(0 + 360k°\

120 + (360 « 2)0\

\ n y

+ 7 sin
4

\
)

120" + (360 « 3)0\

J

+ 7 sin

4

J

=2 _cos 210°

@ = 16(cos 60° + 7/ sin60°)

i sin 2100_

— 2| cos300° + i sin300°

4750



Evample: Finding the Boots of a (Comples Number — wuntens in tigonometnic fonm and find

Find all the complex fourth roots of w = -8 + 8i\/§

@ = 16(cos 60° + / sin 60
Write roots in polar form, with © in degrees. ( )

Converting to rectangular form:

- - 3 1. .
‘\‘6 = 2| cos30° +isin30° | =2 \/75 [ =N3+1
i _ 2 2
- o . . - 1 3 . .
=2|cosl120 +i/sinl20 | =2 | [1=-1+/y3
- - 2 2
: - J3 1. |
=2|cos210 +i/sin2l10 | =2 [ | = -3 — i
- - 2 2
B O ) ° O_ 1 30 )
= 2| cos 300 +/isin300 :22 21 =1-/v3
i J 48150




W‘ Zp0ls wwinbers in trigonometiic form and find
Graphing
. _ . I
— 2| cos30° +isin30° |=V3+1 iz w2

3/ \ 74

_ _ ol SN AN >&
= 2| cos120" +isin120° | = -1+ /3 o 7< X/ 12

_ _ —TH/ f\’

] _ R
= 2| ¢co0s210° +7sin210° | = —\/g —f 13n/12/\’\/<; w 23m/12

77t/6/5n/4 >< ZL LX g 1/

= 2| cos300° + isin300° | = 1-iy3 4\“”%2\3 /ZAW%/

4950



Evample: Finding the Boots of a Comples Wumber ~— wuntens in tigonsmerric o and find

Find all the complex fourth roots of 16. Write roots in polar form,
with © in radians. 16 = 16[¢os(o) + isin(o)]

\
{'/E — %[cos(o"':z”) + isin(o+ kex

4 )]
4 _ (0+2700 (O+27r00\_
zozxﬂ cos + / sin :2[cosO+isinO}=2
- loszeet]  (0szeet)
4 O+2r el .. | 0O+2rmel i §
of _\R cos 4 T Isin 4 —2|lcosZE +isinl|=2i
S T R B
O+2re?2 .. [ 0+2e2 ; :
ZZZ‘\‘/E cos +/SIn :2[cosn+isin7t = -2
 loszees)  (oszeesl [ |
Z =% COS O+2re3 + 7 sin O+2r03 =2 cos3—ﬂ+isin3—ﬂ = -2/
3 4 4 2 2
i \ J \ )| R :

50150



