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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

DETERMINANT

* We have solved systems of linear equations through the use of matrices. It turns

out that the solution to the system (54 1py=c
) 1 1

ax+by=c,

( ) %
c1b2 - <:2b1 ac —dc o c1b2 czb
: a1b2 — azb1 a1b2 = azb1 3 a1b2 - azb

dc,—a.c,

a1b2 i azb1

L and y=

1

 has solution

* The denominator of the solution coordinates (a;b, — asb4) turns out to be the
determinant of the coefficient matrix of the system.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

CRAMER’S RULE

ax+by=c
* To solve the system < e

axX+b.y=c

C1 b1 a1 C1
x:&: S :c1b2—b1<:2 Y:&: 2 2 - ACG08
D g b aly =g D 5 b ab —ba
a2 b2 a2 bZ
. . . -3 . 8 o
 The denominator is the determinant of the coefficient matrix. D=| 1
cE e
2 2
Replace x column Replace y column
with constants. with constants.
Coap Sureic
DX — 1 1 Dy = 1 1
C, bz d, G,
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

EXAMPLE
2x+3y =4
e Use Cramer’s Rule to solve - b
6x—oy =1
23 il o 2 4
) = =-10-18=-28 B = =R o Bl =2-24=-22
6 -5 S S el oo e o s
Dese 90 03 o =22 oy
X e e e y:—:—:—
D -28 28 D =28 14
Sregl

* The solution is ,
\28°14,
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

~ EXAMPLE
SX+4y =12
ﬁx—6y=24

» Use Cramer’s Rule to solve -

> 4 | LT g 3 ST L
Di= =-30-12=-42 D _= ——/2=96=-168-" D =120-36=384
30 P20 w6 s B2l

* The solution is (4,—2)
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

HIGHER ORDER SYSTEMS

* We can generalize Cramer’s Rule to any system of any number of equations (n).

* |f the coefficient matrix A of a system of n equations with n variables is not O, then
the coordinates of the solution can be found by:

 where x; is the ith coordinate of the solution and A, is the matrix
| ‘A‘ found by substituting the constants into the it column.

4 )
Cramer’s Rule
If a system of n linear equations in »n variables has a coefficient matrix A
with a nonzero determinant |A|, the solution of the system is
Al 1Ay A

xl_lT’ |X2_|T’ .

where the ith column of A; 1s the column of constants in the system of
equations. If the determinant of the coefficient matrix 1s zero, the system has
either no solution or infinitely many solutions.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

THREE VARIABLE SYSTEM

HOW

ra1x % b1y : C1Z = d1 a1 b1 C1 a1X = b1y + C1Z — d1
* Given the system {ax+by+cz=d, D=ita mb . & 13, X+b,y+c,z=a,
a, X+ b3y LC 2= d3 d, b3 C, Kb b3y g d3
Replace x column Replace y column Replace z column
with constants. with constants. with constants.
<i b1 C, a ol1 C. a b1 cﬁ
d2 b2 c; a, d2 c, a, b2 d2
x:&: AT y:&: 3.7 OB, z:&: g vel
D a b1 C D a b1 ¢ D a b1 &
a, b2 € a, b2 c, a b2 €
a, b3 E a, b3 c, a, b3 et
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW

TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

THREE VARIABLE SYSTEM

* The four third order determinants are found by

[

c. | « Coefficient matrix consisting of the coefficients of the system.

“2 | * x matrix replacing x column with the constants of the system.

c * y matrix replacing y column with the constants of the system.

d, | ° z matrix replacing z column with the constants of the system.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

3IX =27 —"16
EXAMPLE °© Use Cramer's Rule to solve the system {2x+3y—-z=-9
\x+4y+3z=2
£ 3 _32 11 e S CMEER SRt s eaal B e o e
_14_3_°(_)43+°(_) 43+'(_) 5
=3(13)—2(—1o)+1(—1)=58
= = 141 £y s Zile 5. 4 ha Bl ot
5 1_2 32 _11 —16.(—1) Z 31 £ 9 ( 1) fal e ( 1) x
i o3 :16(13)——9(—10)+2(—1):116
3 16 1 = T+1 _9 _1 2+1 3+1 16 1
=29 o oL 25 3 + 2+ 126 ; e S
A = 3(~25)-2(46) +1(~7) =174
B A g Gl
AR e R T

= 3(42) < 2(—68) + 1(—30) =997
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

EXAMPLE

3, e
D=|2 3 -1| =3(13)-2(-10}+1(-1)=58

2 3 1| =3(13)-2(-10)+1(]

5 -2 | e
e R i ST [ [ SR T e
|5 3 ] =) s(ro)ea(etis X E TG

5 een N s * The solution is
s % —29 —31 = 3(-25)-2(46)+1(-7)=-174 y:Ey: = (2,-3,4)

g 01k

D

D, = ? i —29 = 3(42)-2(—68)+1(-30) = 232 zzﬁz%:él
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

r3x—2y+42=0
EXAMPLE : Use Cramer’s Rule to solve the system  {2x-8y=2
k4x—3y—52:1
O L3k o il e =p 201l w5 o [ _p 4
D=2 -8 0| =3.(-1] +24(=1) +4.(-1)
A JSENR =9 =) D -8 0
=3(40)-2(22)+4(32) = 204

e :O.(_1)1+1 o 2.(_1)2+1 L ] +1.(_1)3+1 o

2 =-2--8 0 -3 -5 &= 5 -8 0

a3 =5 =o(4o)—2(22)+1(32)=—12
S AR A AR b

294 25 =3(~10)-2(-4)+4(-8)=-54

|3 T 3l =8 2| ol B O el 2

= 3(—2)—2(—2)+4(—4) = 48
13/23




STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

EXAMPLE

3 -2 4
D=| 2 -8 0 | =3(40)-2(22)+4(32)=204

e

0 -2 4 Bl s
S 28 0 SOl o2 (32osle o

1 -3 =5

30 4 Dy i * The solution is
0,2 2 0| arolsaeaas E RS

o ¥ 84 34,
D—g_ég D 48 =3
3 4 :3 1 :3(_2)_2(_2)+4(_4):_18 Z=E=ﬂ=3—4
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

CONSISTENT / INCONSISTENT

* You can use Cramer's rule to determine if the system represented by the matrix has
one solution, no solution, or infinitely many solutions.

» If D # 0, the system is consistent and has one unique solution (a point).

» If D =0, and at least one numerator determinant is 0, the system is dependent and
has infinitely many solutions (a line).

* |t D =0, and no numerator determinant is O, the system is inconsistent and has no
solution.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

AREA OF A TRIANGLE

* We can use matrices to find the area of a triangle given the coordinates of the
vertices of the triangle.

* The derivation of the formula involves Heron’s Formula and placing the triangle in a
rectangle circumscribed about the triangle. It is far to involved to do here, but if
you care to try to derive the formula, here is the setup.

i (x3—x1) (X3'Ay3) (XZ_X3)

» Using Heron’s Formula find the sum of the areas of " : (v,-,)
triangles A, B, C. Simplify using a lot of algebra. (v,-v)
(%,.52)
* Find the difference in area of rectangle and sum of B (yz—y1)
the triangles. Simplity with a lot of algebra. (X1'Y1) (XZ—X1)

* Find the determinant of the matrix | am about to give you and verify that
the results match the formula from above.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

AREA OF A TRIANGLE

* The area of a triangle with vertices (x1, y1), (X2, y2), (X3, y3) is:

CX1 Y, >4' = vertex 1
Area=1— G(Z y, S vertex 2

.1
@3 Ve S vertex 3

* The % is to ensure the value is positive, area cannot be negative. We might also
use the absolute value.

* The area of a triangle with vertices (x1, y1), (X2, y2), (X3, y3) is: Area=|—| x Y,
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

EXAMPLE

* Find the area of a triangle with vertices (1, -1), (2, 3), (5, =3).

X coordinates y coordinates

| o]

Area:i% g _33 :i%(1.(_1)1+3 4 +1.(_1)2+3 ; :; +1.(_1)3+3 ; 3 j

* The area of a triangle with vertices (1, -1), (2, 3), (5, =3) is 2 sq units.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

EXAMPLE

 Find the area of the triangle with vertices (-2, 2), (1, 5) and (6, -1).

= Arect = 6.8=48 (3) (1'5) (5)
1 9 A @
o= :5.3.3:5 : 2. (3)
* Aag :%.3.8:12 2 2 12_15:? (—2,2) ¥
A Rl T 3)| B
: B
2 _|_1 _12 £ 1 (31BN s 213125 =9 43| o
Area=1— 6 _51 __5(1.(_1) o +1e(=1) e +1e(=1) 1
—+—(1(-31)-1(-10)+1(~12)) ==

» The area of a triangle with vertices (-2, 2), (1, 5), (6, =1) is 16.5 sq units.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

COLLINEAR POINTS

* You can also find the equation of a line on a plane. If you use the formula in the
previous slide for finding the area of a triangle and the result is O the points do not
form a triangle, but are actually collinear. We can use that fact to test for the
collinearity of 3 points, (x1, y1), (x2, y2), (X3, y3).

X 1
* It 3 points, (x1, y1), (X2, y2), (X3, y3) are collinear, then: | x y 1]=0
X iy 1

* Determine if the points (0,1), (4, 4) and (8, 7) are collinear.

gk 143 : -
S A R R A LRI REATS
= 1(—4)—1(—8)+1(—4)= 0 * Yeperdoo, the points are collinear.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

EQUATION OF A LINE

* From the previous example, if we were to replace one to the points with (x, y), we
would get an equation of the line determined by the two points.

» Find the equation of the line containing the points (5,2), and (-1, 0).

52100 |5 2 1|n 5 2 eni] % 2o

U1l X

— 2ty Sy —2x—0

=2 o0 e

» The equation of the line formed by the points (5,2) and (-1, 0) is 2x — 6y = 2.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

EQUATION OF A LINE

* It is probably better to find the determinant by using the first row.

» Find the equation of the line containing the points (-3,7), and (2, 2).

_X3 )7/ S _X3 )7/ ’ :X.(_1)1+3 7 1 y.(_1)2+3 5g 1.(_1)3+3 =3 o
iy 5t S 2% di ] 28 =/

=5x+5y—20=0

* The equation of the line formed by the points (-3,7), and (2, 2) is 5x + 5y = 20.
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STUDENTS WILL KNOW HOW TO USE CRAMER’S RULE TO SOLVE SYSTEMS OF LINEAR EQUATIONS, AND HOW
TO USE DETERMINANTS AND MATRICES TO MODEL AND SOLVE PROBLEMS.

ONE LAST POINT

Jee—2=ndl
» Use your calculator to find the determinantof A=| 2 -8 0
4 =—8<-5
2o =2 2]
detAsEZ 820 | —204
TR T
IRy
» Use your calculator to find the determinantof pB=| 3 —2 4
doofy: %
2o gl - 7
detB=| 3 -2 4 | =-204
di—s =85

* When you interchange consecutive rows in a matrix, the sign of the determinant
will change.
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